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Abstract
We study the BPS and non BPS black attractors in 7D N = 2 supergravity
embedded in 11D M-theory compactified on K3. Combining Kahler and complex
moduli in terms of SO (3) representations, we build the Dalbeault like (DL) basis
for the second cohomology of K3 and set up the fundamental relations of the
special ”hyperKahler” geometry of the underlying moduli space of the 7D theory.
We study the attractor eqs of the 7D black branes by using the method of the
criticality of the effective potential and also by using the extension of the so called
4D new attractor approach to 7D N = 2 supergravity. A comment, regarding a
6D/7D correspondence, along the line of Ceresole-Ferrara-Marrani used for 4D/5D
[74], is made.
Key words: 11D M- theory on K3 and 7D N=2 supergravity, Attractor eqs and
7D black branes, Special hyperkahler geometry, 6D/7D correspondence.
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1 Introduction
The study of black attractors [1]-[4] in the framework of compactifications of 10D
superstrings and 11D M- theory has been a subject of great interest. New classes of
solutions to the attractor equations (AEs) corresponding to BPS and non-BPS horizon
geometries have been obtained [6]-[17]; and many results regarding extremal BPS and
non BPS black holes in 4D extended supergravity theories and higher dimensional space
times have been derived both in the absence and in the presence of fluxes [18]-[30];
see also [63] and refs therein. Several features of special Kahler geometry (SKG) [31]-
[41], governing the physics of extremal 4D black holes, have been uplifted to higher
dimensions; in particular to 5D and 6D with the underlying special real (SRG) and
special quaternionic1 (SQG) geometries respectively [46]-[54].
In this paper, we contribute to this matter; in particular to the issue concerning the
extremal 7D black attractors as well as to the special hyperKahler geometry2 (SHG)
underlying the physics of these extremal 7D black objects. More precisely, we study the
BPS and non BPS black attractors in 7D N = 2 supergravity embedded in 11D M-
theory compactified on K3 by using both the criticality condition method as well as the
so called ”new attractor” approach introduced by Kallosh in the framework of 4D N = 2
supergravity and which we generalize here to the 7D theory.
One of the key steps of this study is based on the use the SO (3) × SO (19) isotropy
1In this paper, we will use the conventional notions: SRG, SKG, SHG, SQG. They should be put in
one to one correspondences with the number of real scalars in the abelian vector multiplets of the non
chiral N = 2 supersymmetric theory in 5D, 4D, 7D and 6D respectively.
2the ”special hyperkahler geometry” (SHG) should be understood in the sense it has three Kahler
2-forms Ωa = (Ω1,Ω2,Ω3) with an SO (3) symmetry.
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symmetry of the moduli space of K3
MN=27D =
SO (3, 19)
SO (3)× SO (19) × SO (1, 1) , (1.1)
to build a real 22 dimensional ”Dalbeault like” basis
{Ωa,ΩI}a=1,2,3I=1,...,19 (1.2)
for the second real cohomology group H2 (K3, R). The real 2- forms Ωa and ΩI transform
respectively in the representations (3, 1) and (1, 19) of the SO (3) × SO (19) isotropy
group of the moduli space MN=27D . The Ωa and ΩI may be compared with the complex
(1 + h2,1) Dalbeault basis
Ω(3,0) , Ω
(2,1)
i ,
Ω(0,3) , Ω
(1,2)
i ,
i = 1, ..., n = h2,1 ,
of H3 (CY 3, R) used in the compactification of type IIB superstring on CY threefolds.
With the {Ωa,ΩI} basis at hand, we set up the fundamental relations of the SHG of
eq(1.1). We also study the attractor equations for 7D black holes and black 3- branes.
The solutions of these eqs are obtained in the two above mentioned ways namely by
directly solving the critically conditions of the black brane potential and also by extending
the Kallosh new attractor approach of 4D supergravity to the 7D supersymmetric theory.
Recall that in the case of extremal black hole (BH) in 4D N = 2 supergravity realized
in terms of 10D type IIB superstring on Calabi-Yau threefolds, the BH effective scalar
potential VN=2BH (z, z, q, p) = VN=2BH is given by the following positive function,
VN=2BH = eK
(
|Z|2 +
nv−1∑
i,j=1
gijZiZj
)
≥ 0. (1.3)
where nv = (1 + h
2,1) is the number of 1-form gauge fields. The function K = K (z, z)
and gij ∼ ∂i∂jK are respectively the Kahler potential and the metric of the moduli
space MN=24D of the 4D supersymmetric theory. The function Z (Z) is the holomorphic
(antiholomorphic) central charge (N = 2 superpotential) and Zi = DiZ is the matter
central charges given by the covariant derivative Z with respect to the Kahler transfor-
mations. The (geometric) charge Z and the matter ones Zi are functions depending on
the electric/magnetic charges of the black hole and the moduli zi and zi parameterizing
MN=24D .
Using the basis {Ωa,ΩI} and the fluxes of the 4-form field strength F4 through the
4-cycles S2∞ ×ΨΛ with ΨΛ ∈ H2 (K3, R) and the 2-sphere S2∞ in the 7D space time, we
show, amongst others, that the 7D black hole (black 3-brane) potential reads as
V7d,N=2BH =
3∑
a,b=1
Kab
(
e2σ
[
ZaZb − 1
3
nv−3∑
I,J=1
gIJab ZIZJ
])
≥ 0, (1.4)
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where nv = b2 (K3) = 22 is the number of Maxwell gauge fields, σ is the dilaton pa-
rameterizing the SO (1, 1) factor ofMN=27D and g
ab
IJ (φ) is the metric of the moduli space
SO(3,19)
SO(3)×SO(19) with fixed value of the dilaton
3 (dσ = 0). The fundamental relations of the
SHG ofMN=27D are given by
Kab =
∫
K3
Ωa ∧ Ωb , a, b = 1, 2, 3
KIJ =
∫
K3
ΩI ∧ ΩJ ,
GaIbJ =
∫
K3
(
DaIΩ
c ∧DbJΩd
)
Kcd , I, J = 1, ..., 19
(1.5)
The field matrices Kab (σ, φ) = e−2σKab (φ) and KIJ (σ, φ) = e−2σKab (φ) are symmetric
real matrices and the moduli space metric GaIbJ (σ, φ) = e
−2σgaIbJ (φ) with the remark-
able factorization,
gaIbJ = KIJ ×Kab, (1.6)
and the flat limit gaIbJ → ηIJ × δab = −δIJ × δab. Putting this relation back into (1.4),
we can bring it to the remarkable form
V7D,N=2BH =
(
3∑
a,b=1
KabZaZb +
nv−3∑
I,J=1
GIJZIZJ
)
≥ 0, (1.7)
with GIJ = −KIJ and Kab and KIJ are as in eqs(1.5).
The functions Za = Za (φ, σ) and ZI = D
a
IZa are respectively the geometric and
matter central charges in 7D N = 2 supergravity; they play a quite similar role to the Z
and Zi = DiZ of the 4D N = 2 supergravity theory. Notice that the expression of the
effective potential V7D,N=2BH for general 7D N = 2 supergravity has been first considered
by Cecotti, Ferrara and Girardello in [33]. In our present study, the eq(1.4) deals with 7D
N = 2 supergravity embedded in 11D M- theory on K3 with Kab and gIJab as in eqs(1.5);
and concerns the geometric derivation of the 7D black hole (3-brane) attractor solutions
associated with eq(1.1).
We also determine the attractor eqs for the extremal 7D black hole (3-brane) by
extending the Kallosh attractor approach. In this set up, the attractor eqs read in terms
of the dressed charges Za and ZI , the {Ωa,ΩI} basis and the matrix potentials Kab and
KIJ (1.5) as follows,
H2 = KabZaΩb +KIJZIΩJ , (1.8)
where H2 is the real 2-form field strength given by H2 =
∑22
1 p
ΛαΛ with p
Λ being integers
and {αΛ} defining the Hodge basis of H2 (K3,R). By integration of this relation over
the 2-cycles ΨΛ ∈ H2 (K3, R), dual to {αΛ}, we get the explicit expression form of the
attractor eqs.
3Due to the factorization of the moduli space of the 7D theory, the dependence in the dilaton appears
as a multiplicative global factor.
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The organization of this paper is as follows: In section 2, we give some useful materials
regarding extremal 7D black attractors and the parametrization of the moduli space
(1.1) In section 3, we study the 7D black hole and the 7D black 3-brane by first deriving
the criticality conditions of the effective potential and then solving the corresponding
attractor eqs. In section 4, we analyze some useful features of fields and fluxes in 7D
N = 2 supergravity embedded in 11D M- theory on K3; in particular the issue regarding
the gauge fields and matter representations with respect to 7D N = 2 supersymmetry as
well as the SO (3)× SO (19) isotropy symmetry of the moduli space (1.1). In section 5,
we derive the basis {Ωa,ΩI} by using physical arguments and describe the deformation
tensor ΩbaI = DaIΩ
b of the metric of K3. In section 6, we derive the fundamental relations
of the special ”hyperkahler” geometry of 11D M- theory on K3. In section 7, we develop
the new attractor approach for the case of 7D N = 2 supergravity embedded in 11D M-
theory on K3; and rederive the attractor eqs of the 7D black hole and black 3- brane. In
section 8, we give a conclusion and make a discussion on 6D/7D correspondence along
the field theoretical line of Ceresole-Ferrara-Marrani used in [74] to deal with the 4D/5D
correspondence. In the appendix, we revisit the fundamental relations SKG of 4D N = 2
supergravity. This appendix completes the analysis of sub-section 5.1 and allows to make
formal analogies with the SHG relation underlying 7D theory.
2 Black attractors in 7D Supergravity
We start by giving useful generalities on the various kinds of the extremal 7D black
attractors in N = 2 supergravity theory. Then we describe the parametrization of the
moduli space MN=27D . This step is important for the field theoretic derivation of the
H2 (K3, R) basis {Ωa,ΩI} to be considered in section 5.
2.1 Extremal 7D black attractors
Generally speaking, there are different kinds of extended supergravity theories in
7D space time [55]-[59]; the most familiar ones [55] have 2 × 23 = 8 + 8 conserved
supersymmetric charges captured by two real eight components SO (1, 6) spinors Q1α and
Q2α that are rotated under the USP (2, R) automorphism group of the underlying 7D
N = 2 superalgebra. A particular class of these theories is given by the compactifications
of 10D superstrings and 11D M-theory. There, the matter fields have an interpretation
in terms of the coordinates of the moduli space of the compactified theory. Below, we
will focus our attention mainly on the 7D N = 2 supergravity embedded 11D M-theory
on K3 with a moduli space given by eq(1.1). Like in the case of black holes in 4D and 5D
6
dimensions, the 7D effective theory4 has also extremal BPS and non BPS black attractors
that we want to study here.
From the view of the field theory set up, we generally consider the 7D extremal
black attractors that are static, spherically and asymptotically flat background solutions
of 7D N = 2 supergravity. These solutions breaks half (1
2
BPS) or the total sixteen
supersymmetric charges.
In this case, we distinguish four basic kinds of extremal 7D black p-brane attractors
related amongst others by the usual electric/magnetic duality captured by the identity,
p+ p′ = 3. (2.1)
These black p-branes, which may be BPS or non BPS states, are classified as follows:
(1) a magnetic 7D black hole, (0-brane) with 22 magnetic charges {pΛ},
(2) an magnetic 7D black string, (1-brane), with a magnetic charge g0,
(3) a electric 7D black membrane, (2-brane) with an electric charge q0,
(4) an electric 7D black 3- brane, (3-brane) with 22 electric charges {qΛ}.
These asymptotically flat, static and spherical black p-branes have also near horizons
geometries given by the product of AdSp+2 with the real sphere S
5−p,
AdSp+2 × S5−p with p = 0, 1, 2, 3, 4. (2.2)
Below we shall mainly deal with the magnetic 7D black hole and its dual electric 7D
black 3-brane. As we will see later on, these two solutions can be elegantly embedded in
M-theory compactification on K3.
The magnetic F-string and its dual electric black membrane can be also considered in
the M-theory framework. They correspond respectively to M5 wrapping K3 (4-cycle)
and M2 filling two space directions in the 7D space time (0-cycle in K3).
As noticed above, the extremal 7D black hole and 7D black 3-brane attractors have
either electric charges {qΛ} or magnetic charges {pΛ}. These charges stabilize the static
moduli at horizon of the attractor.
ϕm = ϕm (rh, pΛ) , m = 1, ..., 58, (2.3)
where r stands for the radial coordinate of the 7D space time and rh is the horizon radius:
rh ≡ rhorizon. The relation (2.3) follows as the solution of the attractor eqs given by the
minimization of the effective attractor potential (1.4) or also by using eq(1.8).
4More precisely, the correspondence is as 4D ↔ 6D and 5D ↔ 7D. The first ones have dyonic
attractors, the second ones haven’t.
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2.2 Useful properties of MN=27D
We first describe the self couplings of the scalars of the 7D N = 2 supergravity.
Then, we make comments regarding the matrix parametrization of the moduli space
MN=27D . These properties are useful to fix the ideas and they are also relevant for the
analysis to be developed in sections 5, 6 and 7.
2.2.1 Metric of moduli space
In eq(2.3), the fifty eight field variables ϕm (x) = ϕm (x0, ..., x6) with m = 1, ..., 58,
are the real scalar fields of the 7D N = 2 supergravity embedded in 11D M-theory on
K3. At the level of the supergravity component fields Lagrangian density LN=27D , these
7D scalar fields have typical self interactions involving the space time field derivatives
(∂µϕ
m). These interactions appear in LN=27D as follows,
LN=27D = −
1
2
√−GR− 1
2
6∑
µ,ν=0
√−GGµν
(
58∑
n,m=1
Gmn [ϕ] ∂µϕ
m (x) ∂νϕ
n (x)
)
+ .... (2.4)
In this relation, the 7 × 7 real matrix Gµν (x) is the metric of the 7D space time with
scalar curvature R; and the 58×58 real matrix Gmn [ϕ] is the metric of the moduli space
MN=27D of the 11D M-theory on K3.
The field variables ϕm can be then imagined as real local coordinates of the moduli space
MN=27D and the local field coupling Gmn as the symmetric metric ofM
N=2
7D ,
dl2 =
58∑
m,n=1
Gmndϕ
mdϕn, (2.5)
with dϕm = dxµ (∂µϕ
m) and Gmn = Gmn (ϕ). Like in the case of the 4D N = 2
supergravity theory embedded in 10D type IIB superstring on CY3s, it happens that the
specific properties of the field metric,
Gmn = Gmn [ϕ (x)] , (2.6)
play also an important role in the study of BPS and non BPS 7D black attractors. It is
then interesting to give some useful properties regarding this metric and the way it may
be handled.
First, notice that because of the factorization property of the moduli space MN=27D
MN=27D = G0 × (G/H) ,
G0 = SO (1, 1) ,
G = SO (3, 19) ,
H = H1 ×H2 ,
(2.7)
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and because of the isotropy symmetry ofMN=27D
H1 ×H2 = SO (3)× SO (19) , (2.8)
it is convenient to split the 58 local coordinates ϕm, in SO (3)×SO (19) representations,
like
ϕm =
(
σ, φaI
)
, a = 1, 2, 3; I = 1, ..., 19, (2.9)
where (aI) is a double index. In this splitting, the dilaton σ is an isosinglet of SO (3)×
SO (19); it will be put aside. The φaI ’s are in the (3, 19) bi-fundamental, φIa in (3
t, 19)
and so on; they will be discussed below.
Notice also that in the coordinate frame (2.9), the length element dl2 (2.5) reads as
follows
dl2 = Gσσdσdσ + 2Gσ(aI)dσdφ
aI +G(aI)(bJ)dφ
aIdφbJ , (2.10)
and the local field metric tensor Gmn decomposes like
Gmn =
(
Gσσ Gσ(bJ)
G(aI)σ G(aI)(bJ)
)
. (2.11)
We will see later on that the Gσσ, G(aI)σ and G(aI)(bJ) component fields of the metric
read as
Gσσ = e
−2σ ,
Gσ(bJ) = G(aI)σ = 0 ,
G(aI)(bJ) = e
−2σg(aI)(bJ) ,
(2.12)
where the 57× 57 real matrix g(aI)(bJ) is a function of the field coordinates φaI ,
g(aI)(bJ) = g(aI)(bJ) (φ) . (2.13)
To deal to the metric tensor of SO(3,19)
SO(3)×SO(19)
, we will also use the following relations
gabIJ = K
acKadg(cI)(dJ) ,
gIJab = K
IKKJLg(aK)(bL) ,
(2.14)
they will be rederived rigourously later on,. In these relations, the symmetric matrices
Kab and KIK appear then as field metric tensors to rise and lower the corresponding
indices. For simplicity, we will drop out the brackets for the bi-fundamentals (aI), (bJ);
and write g(aI)(bJ) simply as gaIbJ .
One of the remarkable results to be derived in this paper is that the metric tensor gabIJ
of SO(3,19)
SO(3)×SO(19) factorizes as
gabIJ ∼ Kab ×KIJ , (2.15)
9
where Kab and KIJ are as in eqs(1.5).
Notice moreover that performing a general coordinate transformation from a curved
coordinate frame {φm} to an inertial one {ξm};
φm → ξm (φ) , m = aI, (2.16)
and putting back into eq(2.10), we can usually rewrite the local field metric (2.6) as
gmn (φ) =
57∑
k,l=1
ηkl (ξ)
(
∂ξk
∂φm
)(
dξl
∂φn
)
,
ηkl (ξ) =
57∑
m,n=1
gmn (φ)
(
∂φm
∂ξk
)(
∂φn
dξl
)
,
(2.17)
or equivalently like
Gmn (φ) =
57∑
i,j=1
EimE
j
nηij , E
i =
57∑
m=1
Eimdϕ
m ,
ηij (ξ) =
57∑
m,n=1
Emi E
n
j Gmn , E
m =
57∑
i=1
Emi dξ
i ,
(2.18)
where Eim = E
i
m (ϕ, ξ) is the vielbein with the usual properties; in particular
57∑
i=1
EimE
n
i = δ
n
m,
57∑
m=1
Emi E
j
m = δ
j
i . (2.19)
Below, we shall think about the inertial coordinate frame {ξm} as the local coordinate
of the tangent flat space R3,19 and about ηmn as the corresponding flat metric
ηmn =
(
+δab 03×19
019×3 −δIJ
)
. (2.20)
The factorization (2.18) can be also done for the metric gaIbJ and its inverse g
cKdL. We
have
gaIbJ = ηcd E
cK
aI E
dL
bJ ηKL ,
gaIbJ g
cKdL = δca δ
d
b δ
K
I δ
L
J ,
gcKdL = ηcd EcKcd E
dL
KL η
KL ,
EcKaI E
bJ
cK = δ
b
a δ
J
I ,
EcKaI E
bJ
cK = δ
b
a δ
J
I ,
(2.21)
with
EcKaI = E
cK
aI (φ, ξ) , φ ≡
(
φbJ
)
, ξ ≡ (ξbJ) , (2.22)
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and (aI) (resp. (aI) ) referring to the curved (resp. inertial) coordinate indices and EcKaI
to the vielbein linking the two frames.
Moreover, because of the SO (3) × SO (19) isotropy symmetry of MN=27D , it also useful
to introduce the ”small” vielbeins eca, e
K
I and their inverses,
ecae
b
c = δ
b
a , e
c
ae
b
c = δ
b
a , e
c
a = e
c
a (φ, ξ) ,
eKI e
J
K = δ
J
I , e
K
I e
J
K = δ
J
I , e
K
I = e
K
I (φ, ξ) .
(2.23)
With these eca and e
K
I vielbeins, we can build new geometrical objects; in particular the
following ones,
Kab = e
c
ae
d
bηad, ηab = e
c
ae
d
bKcd,
(2.24)
KIJ = e
K
I e
L
JηKL, ηIJ = e
K
I e
L
JKKL,
where Kab and KIJ are precisely the matrices used in eqs(2.15). All these relations will
be rigourously rederived later on in the SHG set up.
2.2.2 Matrix formulation
In the above analysis, we have used 58 = 1+57 curved coordinates {σ, φbJ} to pa-
rameterize the moduli space SO (1, 1)× SO(3,19)
SO(3)×SO(19)
. These 58 field coordinate variables
are independent variables; but exhibit non linear interactions captured by the metric
tensor Gmn of the moduli space.
A different, but equivalent, way to deal with the parametrization ofMN=27D is to consider
a constrained linear matrix formulation. This formulation is useful in the analysis of the
criticality conditions of the 7D black attractor potential and in the study SHG of the
moduli space vacua of 7D N = 2 supergravity. Let us give some details on this approach.
The idea of the matrix formulation is based on siting in a local patch U of the curved
moduli spaceMN=27D , do the calculations we need; and then use general coordinate trans-
formations (2.16) to cover MN=27D .
To begin, consider a local patch U of the group manifold SO (1, 1)× SO (3, 19) together
with a real matrix R = lnM where,
M ∈ SO (1, 1)× SO (3, 19) . (2.25)
The matrix R, or equivalently M , captures too much degrees of freedom as needed by
MN=27D since,
dim [SO (1, 1)× SO (3, 19)] = 1 + 22× 21
2
, (2.26)
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that is 232 is real degrees of freedom. The reduction of this number down to 1 + 57
is ensured by gauging out the degrees of freedom associated with the isotropy sub-
symmetry SO (3) × SO (19) ⊂ SO (3, 19). This means that the matrix M should obey
the identifications,
M ≡ OtMO, (2.27)
with O ∈ SO (3)× SO (19) .
(a) constraint eqs
Because of the property (2.7), the matrix M factorizes as the tensor product
M = P ⊗ L (2.28)
with
P ∈ SO (1, 1) ⊂ End (R1,1) (2.29)
and
L ∈ SO (3, 19) ⊂ End (R3,19) . (2.30)
The 2 × 2 real matrix P and the 22 × 22 real matrix L satisfy the orthogonality group
relations,
P tη2×2P = η2×2, (2.31)
Ltη22×22L = η22×22, (2.32)
where
η2×2 = diag (+1,−1) , η22×22 = diag (+ + +,− · · ·−) (2.33)
are respectively the metric tensors of the flat R1,1 and R3,19 spaces.
(b) solving eq(2.31)
The orthogonality constraint equation P tη2×2P = η2×2 is solved like
P (σ) =
(
cosh σ sinh σ
sinh σ cosh σ
)
= eσJ , σ ∈ R, (2.34)
with σJ = lnP and
J =
(
0 1
1 0
)
, (2.35)
being the generator of SO (1, 1).
The condition LtηL = η and the SO (3) × SO (19) isotropy symmetry require however
more analysis. Below, we give details
(c) solving the condition (2.32)
First notice that the the condition LtηL = η on the matrix LΣΛ can be interpreted in
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terms of invariance of vector norms in R3,19. The matrix LΣΛ rotates real vectors v
Υ of
R
3,19,
LΣΥ : v
Υ ∈ R3,19 → LΣΥvΥ ∈ R3,19 (2.36)
Invariance of the norm
∥∥vΥ∥∥ requires the condition (2.32); i.e L ∈ SO (3, 19).
Then, we use the (3, 19) signature of the R3,19 space to decompose the real matrix L as
follows
L =
(
A B
C D
)
, Lt =
(
At Ct
Bt Dt
)
, (2.37)
with A (At) and D (Dt) being respectively 3× 3 and 19× 19 invertible square matrices
(detA detD 6= 0); while B (Ct) and C (Bt) are 3 × 19 and 19× 3 rectangular matrices
(bi-fundamentals).
Next, we put (2.37) back into LtηL = η to end with the following constraint eqs on the
sub-matrices A, B, C and D:
AtB = CtD , BtA = DtC ,
CtC = AtA− I3 , BtB = DtD − I19 ,
(2.38)
where Id stands for identity matrix in d- dimensions.
Observe that these constraint relations are invariant under transposition since(
LtηL
)t
= LtηL, ηt = η. (2.39)
The constraint eq(2.32) and eqs(2.38) capture then
22× 23
2
= 243, (2.40)
conditions restricting the initial 484 initial number of degrees of freedom down to
484− 253 = 231 = dimSO (3, 19) . (2.41)
In the language of SO (3, 19) group representations, the matrix L corresponds to the
reducible representation 22×22t which decomposes as
22× 22t = [22× 22t]
s
⊕ [22× 22t]
a
. (2.42)
The constraint relation LtηL = η corresponds to setting the symmetric part as in
eqs(2.38). The latter may be solved in different manners. A particular way to do it
is to choose the matrices A and D as follows
A = λI3 , λ =
√(
1 + α
2
3
)
,
D = ̺I19 , ̺ =
√(
1 + α
2
19
)
,
(2.43)
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where α is a non zero real number to be identified as the norm of B. Then solve the
constraint eqs(2.38) as follows:
Ct = λ
̺
B =
√
19(3+α2)
3(19+α2)
B , Tr (BtB) = α2. (2.44)
From this solution, we see that the degrees of freedom of the sub-matrices A, C and D
are completely expressed in terms of those 57 degree of freedom captured by B.
(d) Gauging out SO (3)× SO (19) isotropy
To get the appropriate constraint relations that fix the SO (3)×SO (19) isotropy symme-
try of the moduli space, it is interesting to use the (3, 19) signature of R3,19 to decompose
the SO (3, 19) vectors
22 = (3, 1)⊕ (1, 19) , 22t = (3t, 1)⊕ (1, 19t) . (2.45)
Then, compute the two terms of eq(2.42). We have[
22× 22t]
s
=
([
3× 3t]
s
, 1
)⊕ (1, [19× 19t]
s
)
⊕ [(3×, 19t)⊕ (3t, 19)] , (2.46)
and [
22× 22t]
a
=
([
3× 3t]
a
, 1
)⊕ (1, [19× 19t]
a
)
⊕ [(3×, 19t)⊖ (3t, 19)] . (2.47)
In this set up, the constraint eqs(2.38) and (2.27) split as follows
[3× 3t]s → identiy λI3 ,
[19× 19t]s → identiy ̺I19 ,
(2.48)
and (
3, 19t
) ≡ [(3t, 19)]t . (2.49)
Notice in passing that the SO (3) × SO (19) isotropy symmetry can be usually used to
set
[3× 3t]a → 0 ,
[19× 19t]a → 0 .
(2.50)
Eqs(2.50) reduce the previous 231 = dimSO (3, 19) number of degrees of freedom down
to
231− dimSO (3)− dimSO (19) , (2.51)
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that is 231− 3− 171 = 57.
To conclude this section, notice that a typical matrixM of the coset SO (1, 1)× SO(3,19)
SO(3)×SO(19)
can be usually put in the form5
MΛΣ (σ, ξ) = e
−σLΛΣ (ξ) . (2.52)
where σ stands for the dilaton. The matrix LΛΣ (ξ) obeys the orthogonality constraint
eq(2.32) and gauge symmetries under SO (3)× SO (19) transformations.
Two ways to deal with these constraints:
(i) solve the constraint eqs as we have done here above to find at the end that the
propagating degrees of freedom captured by LΣΛ are given by
LΣΛ =
(
λI3 ̺B
λBt ̺I19
)
, (2.53)
with λ and ̺ as in eqs(2.43-2.44). This way of doing is interesting from the view that
it allows to fix the ideas; it will be also used later on to motivate the basis {Ωa,ΩI}
(1.2) for the second real cohomology of K3. As we will see in section 5, the field moduli
captured by eq(2.53) can be interpreted as the periods,
λ ηba ∼
∫
Bb
Ωa , λ ξ
I
a ∼
∫
BI
Ωa ,
̺ ηJI ∼
∫
BJ
ΩI , ̺ ξ
a
I ∼
∫
Ba
ΩI ,
(2.54)
where the 2-cycle basis
{
Bb, BJ
}
is the dual of {Ωa,ΩI}. The symbols ηba and ηJI designate
respectively the 3× 3 and 19× 19 identity matrices; i.e ηba = δba, ηJI = δJI .
(ii) use a manifestly matrix formulation based on the matrix LΣΛ =
(
LΣa , L
Σ
I
)
constrained
as
ηΛΣL
Λ
c L
Σ
d = ηcd , L
Λ
c ≡ Udc LΛd ,
ηΛΣL
Λ
KL
Σ
L = ηKL , L
Λ
I ≡ UJI LΛJ ,
(2.55)
but without solving the constraints explicitly. These constraint eqs will be fulfilled by
requiring full gauge invariance at the level of physical observables. This way of doing is
powerful; we will use it in what follows to study the extremal 7D black attractors.
3 Black hole and black 3-brane
In this section, we first study explicitly the BPS and non BPS black holes in N = 2
7D supergravity theory. Then, we give the key relations for their dual 7D BPS and non
BPS black 3-branes.
5Notice that the factorizationM (σ, ξ) = e−σL (ξ) takes regular values for σ finite and is singular for
σ →∞. This difficulty will be avoided by restricting the analysis to σ finite.
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3.1 Extremal 7D black holes
In the 11D M-theory set up, 7D black holes are realized by wrapping a M2 brane on
the 2- cycles of K3. Since dimH2 (K3,R) = b2 (K3) = 22, the 7D N = 2 supergravity
has U22 (1) abelian gauge symmetry and the black hole has 22 magnetic charges pΛ =
(p1, ..., p22); but no electric charges qΛ.
The magnetic charges
{
pΛ
}
are given by the integral of the real 4-form flux density F4
through the 4- cycles basis S2∞ ×ΨΛ,
pΛ =
∫
S2∞
(∫
ΨΛ
F4
)
, Λ = 1, ..., 22. (3.1)
In this relation, the real 4- form F4 is the gauge invariant field strength associated the
RR gauge field 3-form C3 of the M2 brane; i.e
F4 = dC3. (3.2)
The 2- cycle basis
{
ΨΛ
}
is a basis of 2- cycles of K3, dual to the Hodge 2-forms αΛ, and
the compact real surface S2∞ is a large radius 2- sphere contained in the 7D space time.
For simplicity, we shall use the normalization∫
S2∞
d2s = 1, (3.3)
where the factor 1
4π
has been absorbed in the measure d2s. The field moduli ϕmh , at the
horizon r = rh of the the static and spherical 7D black hole attractor, are determined
by the charges pΛ of the black hole
ϕmh ≡ ϕm
(
rh, p
1, ..., p22
)
. (3.4)
The explicit relation between ϕmh and the charges
{
pΛ
}
can be determined by solving
the criticality condition of the effective scalar potential eq(1.4); it will be given later on.
3.1.1 Black hole potential
Here, we give the explicit expression of the black hole potential in two coordinate
frames of the moduli space. First in the inertial coordinate frame {ξm} where most of
the calculations will be done. Then, we give the results in the curved frame {ϕm} by
using general coordinates transformations on the moduli space.
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(1) Inertial frame
In the inertial coordinates frame6
{
ξm =
(
ξ0, ξaI
)}
of MN=27D , the black hole ef-
fective potential is given by the simple relation,
V7d,N=2BH =
3∑
a=1
ZaZa +
19∑
I=1
ZIZI . (3.5)
As required by supersymmetry, this function is a positive scalar potential induced by the
central charges Za and ZI of the 7D N = 2 supergravity theory. The central charges Za
and ZI are real functions on moduli space,
Za = Za (pΛ, ξm) , ZI = ZI (pΛ, ξm) , (3.6)
describing respectively the ”geometric” and ”matter” dressed charges. Their explicit
expression are given by the following dressed magnetic charges
Za =∑22Λ=1 pΛLaΛ ,
ZI =∑22Λ=1 pΛLIΛ . (3.7)
The underlined indices Λ, a and I refer to the inertial (flat) coordinates frame {ξ}; they
are lowered and raised by the respective flat metric tensors ηΥ̥, ηab and ηIJ of the flat
spaces R3,19, R3 and R0,19 ,
ηΥ̥ = ηab ⊕ ηIJ , ηab = +δab, ηIJ = −δIJ . (3.8)
In (3.7), the LaΛ and LIΛ are local field living onMN=27D ;
LaΛ = LaΛ
(
σ, ξbJ
)
, LIΛ = LIΛ
(
σ, ξbJ
)
, (3.9)
with the factorization, (see footnote 6 ),
LaΛ = e−σLaΛ , LaΛ = LaΛ
(
ξbJ
)
,
LIΛ = e−σLIΛ , LIΛ = LIΛ (ξbJ ) ,
(3.10)
where the dependence in the dilaton is completely factorized as e−σ. The fields LaΛ and
LIΛ live mainly on the group manifold
SO (3, 19)
SO (3)× SO (19) , (3.11)
6Because of the factorization of the moduli space MN=27D as
SO(3,19)
SO(3)×SO(19) times SO (1, 1), we will
mainly deal with the first factor and thinking about ξ0 as just the dilaton σ. The constraint eq coming
from the factor SO (1, 1) does bring anything new; it will be solved as in eq(3.33) and implemented
directly.
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and capture 57 propagating degrees of freedom. These matrices should be thought of as
the matrices L of eq(2.37) constrained as,
LΥa ηΥ̥L
̥
b = ηab ,
LΥa ηΥ̥L
̥
J = 0 ,
LΥI ηΥ̥L
̥
J = ηIJ .
(3.12)
A representation of the tensors LΥa and L
Υ
I in terms of the coordinates ξ
I
a, solving the
above orthogonality constraint eqs, is given by (2.53).
(a) Special properties of V7D,N=2BH
The black hole potential V7d,N=2BH and its constituents exhibit a set of remarkable features.
We list below the useful ones:
(i) isotropy symmetry :
The dressed central charges Za and ZI behave as real vectors under the SO (3)×SO (19)
gauge isotropy symmetry of the moduli space (4.19):
Za ∼ (3, 1) , ZI ∼ (1, 19) . (3.13)
They are defined up to SO (3)× SO (19) gauge transformations,
Za ≡ U baZb ,
ZI ≡ V JI ZJ ,
(3.14)
where U and V are local orthogonal matrices; U ba = U
b
a (ξ) and V
J
I = V
J
I (ξ) with
U caU
b
c = δ
b
a, and V
K
I V
J
K = δ
J
I ; they can be thought of as
U (ξ) = exp
(
3∑
a=1
T aθa (ξ)
)
∈ SO (3) ,
V (ξ) = exp
[
3∑
I=1
LIϑI (ξ)
]
∈ SO (19) ,
(3.15)
where θa (ξ) and ϑI (ξ) are the gauge group parameters and T
a and LI the generators
of SO (3) and SO (19) respectively. In the case T a, we have the following coordinate
realization,
Ta ∼ εabcηbdξcI ∂
∂ξdI
, εabc = (3.16)
where εabc is the usual 3d completely antisymmetric tensor. A quite similar relation can
be written down for the LI generators.
(ii) dressed matter charges
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The geometric dressed charges Za and the matter ones ZI are not completely inde-
pendent. They are related to each others in a quite similar manner as in 4D N = 2
supergravity theory embedded in 10D type IIB superstring on CY3. In the 7D theory,
the dressed charges Za and ZI are related as follows
ZI = ηabDaIZb ,
DaI = ∂aI −AaI ,
∂aI =
∂
∂ξaI
,
(3.17)
where the gauge connection
AaI = AaI (ξ) (3.18)
is needed to compensate terms like ηabU ca
(
∂cIU
d
b
)
and ηIJV KI
(
∂aKV
K
J
)
arising from the
gauge transformations (3.14).
Notice moreover that, using eq(3.17), we can rewrite the black hole potential as follows
V7D,N=2BH =
3∑
a,b=1
ηab
(
ZaZb −
3∑
c,d=1
ηcd
[
19∑
I,J=1
ηIJ (DaIZb) (DcJZd)
])
. (3.19)
Clearly this expression is invariant under the gauge change (3.14) since DaIZb transform
in covariant manner. Using the following relation, which will be derived in section 5,
DaIZb = 1
3
ηabZI , (3.20)
and putting back into eq(3.19) as well as using the identity
ZI = DcIZc. (3.21)
we rediscover (3.5).
(iii) gauge invariant I+: the Weinhold potential
The existence of two kinds of dressed charges geometric and matter combined with the
SO (3)×SO (19) isotropy symmetry induce an interesting property. We distinguish two
kinds of gauge invariants,
I1 = ηabZaZb , I2 = ηIJZIZJ = −δIJZIZJ , (3.22)
or equivalently
I± = I1 ∓ I2. (3.23)
The Weinhold potential V7D,N=2BH is one of these invariants namely I+. This is a positive
number as required by supersymmetry. It is invariant under the SO (3)×SO (19) gauge
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symmetry (3.14).
The other gauge invariant I−, which reads as follows,
3∑
a,b=1
ηab
(
ZaZb +
3∑
c,d=1
ηcd
[
19∑
I,J=1
ηIJ (DaIZb) (DcJZd)
])
= p2, (3.24)
has an indefinite sign and will be interpreted later on in terms of a gauge invariant con-
straint eq needed by the matrix formulation.
(iv) behaviors of V7D,N=2BH
Using (3.33), the black hole effective potential (3.5) can be put in the remarkable fac-
torization
V7D,N=2BH (σ, ξ) = e−2σV (ξ) , (3.25)
with V (ξ), having no dependence in σ, given by
V (ξ) =
(
3∑
a,b=1
δabZaZb +
19∑
I,J=1
δIJZIZJ
)
. (3.26)
Notice that the potential V7D,N=2BH (σ, ξ) has a very special dependence on the dilaton σ.
According to the values of this field, we distinguish the three following particular cases:
(α) case σ → 0:
For finite values of σ (see also footnote 5 ), say around σ0 = 0, the behavior of the black
hole potential is dominated by the factor V (ξbJ); i.e
V7d,N=2BH (σ, ξ) ∼ V (ξ) . (3.27)
(β) case σ → −∞:
In this case the behavior of the black hole potential is dominated by the factor e+2|σ| and
V7d,N=2BH could be approximated as follows
V7d,N=2BH (σ, ξ) = V0e+2|σ|, (3.28)
where V0 is some fixed value extremizing eq(3.26). In the 11D M-theory compactification
set up, this case corresponds to a K3 manifold with large volume;
V ol (K3)→∞ , (3.29)
but small metric deformations.
(γ) case σ → +∞:
Here the behavior of the black hole potential is dominated by the factor e−2|σ| and V7d,N=2BH
might be approximated as follows
V7d,N=2BH (σ, ξ) = e−2|σ|V0. (3.30)
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This case corresponds to compactifying M-theory on a K3 manifold with small volume
V ol (K3)→ 0. (3.31)
(b) gauge invariant I−: the constraint eqs
The constraint eqs(3.12) combine altogether as follows
ηΥ̥L
Υ
ΛL
̥
Σ = δabL
a
ΛL
b
Σ − δIJLIΛLJΣ = ηΛΣ, (3.32)
and show that LΥΛ is not an arbitrary 22 × 22 matrix; but an orthogonal matrix of
SO (3, 19). Eqs(3.32) fix the undesired degrees of freedom.
It turns out that these constraint relations are gauge invariant under the SO (3)×SO (19)
isotropy symmetry. They also play an important role in the study of the criticality
condition of 7D black hole and in the underlying ”hyperKahler” special geometry.
Let us show how these constraints can be brought to the form I− and how they are used
in the solving of the criticality condition.
Multiplying both sides of (3.32) by the bare magnetic charges pΛ and pΣ; then using
eqs(3.7), which we rewrite as follow
Za = pΛLaΛ (ξ) , Za = e−σZa (ξ) ,
ZI = pΛL
I
Λ (ξ) , ZI = e−σZI (ξ) ,
(3.33)
we obtain the following remarkable relation between the dressed charges
3∑
a,b=1
δabZaZb −
19∑
I,J=1
δIJZIZJ = p
2, (3.34)
with
p2 = ηΛΣp
ΛpΣ = δabpapb − δIJpIpJ . (3.35)
Eq(3.34), which reads also as
p2 = e2σI−, (3.36)
has no definite sign since it can be positive, zero or negative. It is manifestly gauge
invariant.
There is two basic ways to deal with this constraint relation. The first way is to solve it
as
19∑
I,J=1
δIJZIZJ = −p2 +
3∑
a,b=1
δabZaZb. (3.37)
Then substitute back into eq(3.26) to end with the black hole potential factor
V (ξ) =
(
−p2 + 2
3∑
a,b=1
δabZaZb
)
. (3.38)
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Since from (3.37), we should have
− p2 +
3∑
a,b=1
δabZaZb ≥ 0 (3.39)
then we have
V (ξ) ≥
3∑
a,b=1
δabZaZb ≥ 0. (3.40)
Moreover seen that δV (ξ) = 2∑(δabZaδZb), the critical points of the black hole poten-
tial factor δabZaZb is completely controlled by the zeros of δ
ab [ZaδZb].
The second way to approach eq(3.34) is to keep it is; and use the Lagrange multiplier
method to deal with it. The Lagrange multiplier method method as well as comments
on the entropies for dual pairs of black attractors in 6D and 7D will be exposed in [61].
Expressing the variation of eq(3.34) as,
3∑
a=1
ZaTa =
19∑
I=1
ZITI , (3.41)
where the metric δab and δIJ have been used and where we have set Ta = δZa and
TI = δZI , then we have the following results:
Theorem 1
Denoting by Ta = δZa and TI = δZI as in eq(3.41), then:
the SO (3) scalar ZaTa = 0 if Z
ITI = 0; that is the Z
I and TI are normal real vectors in
R19. This happens in particular for:
(i) ZI = 0 ∀ I ∈ I = {1, ..., 19} whatever the TI ’s are,
(ii) TI = 0 ∀ I ∈ I = {1, ..., 19} whatever the ZI’s are,
(iii) ZI = 0 for I ∈ J ⊂ I and TI = 0 for I ∈ I/J .
Inversely, the SO (19) scalar ZITI = 0 if Z
aTa = 0, that is the Z
a and Ta are nor-
mal vectors in R3. In particular:
(iv) Za = 0 ∀ a ∈ I = {1, 2, 3} whatever the Ta’s are,
(v) Ta = 0 ∀ a ∈ I = {1, 2, 3} whatever the Za’s are,
(vi) Za = 0 for I ∈ J ⊂ I and Ta = 0 for I ∈ I/J .
Notice that the variation of ZaZa can be gauge covariantly expanded as∑
a
(ZaδZa) =
∑
a,b,I
(ZaDbIZa)∇ξbI . (3.42)
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By using the identities (3.20-3.21), we can bring this variation to the form
3∑
b=1
(
ZbδZ
b
)
=
19∑
I=1
ZI∇ZI , ∇ZI =
3∑
b=1
Zb∇ξbI , (3.43)
or equivalently
3∑
b=1
(
ZbT
b
)
=
3∑
b=1
Zb
(
19∑
I=1
ZI∇ξbI
)
. (3.44)
It follows from the two last relations the result:
Corollary 2
(i) If Za 6= 0 ∀ a ∈ {1, 2, 3} and ZI = 0 ∀ I ∈ I = {1, ..., 19}, then T a = 0 ∀ a
(ii) the potential factor
(∑3
a,b=1 δ
abZaZb +
∑19
I,J=1 δ
IJZIZJ
)
has extremals for:
(α) Za = 0 ∀ a ∈ {1, 2, 3}; ∀ ZI
(β) ZI = 0 ∀ I ∈ {1, ..., 19} ; ∀ Za
(2) curved coordinates frame
In the curved coordinates frame {ϕm} = {ϕ0 = σ;φaI}, the curved space relations
analogue of the above inertial frame ones are obtained, by using eqs(2.23), as follows:
Za = e
c
aYc , Yc = e
a
cZa ,
ZI = e
K
I YK , YK = e
I
KZI ,
(3.45)
where
eca = e
c
a (ξ, φ) , e
K
I = e
K
I (ξ, φ) , (3.46)
are the vielbeins introduced previously (2.23). They allow to move from the inertial
frame to a generic curved one. Substituting the change (3.45) back into δabZaZb and
δIJZIZJ , we get
δabZaZb = δ
abecae
d
bYcYd ,
= KcdYcYd ,
(3.47)
and
δIJZIZJ = δ
abeKI e
L
JYKYL ,
= KKLYKYL .
(3.48)
Notice that
Yc = Yc (φ) , YK = YK (φ) . (3.49)
Similar relations can be written down by using the inverse vielbeins eIK . Moreover, we
have the following properties:
(i) the effective potential (3.26) reads, in the curved coordinates frame, as
V7D,N=2BH (σ, φ) = e−2σV (φ) , (3.50)
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where now V (φ) is given by
V (φ) =
(
3∑
c,d=1
KcdYcYd −
19∑
K,L=1
KKLYKYL
)
, (3.51)
and where
Kcd = ηabecae
d
b , K
KL = ηIJeKI e
L
J . (3.52)
(ii) putting eqs(3.47-3.48) back into eq(3.34), we get the gauge invariant constraint
relation
3∑
c,d=1
KcdYcYd +
19∑
K,L=1
KKLYKYL = p
2. (3.53)
The variation of this constraint eq gives
KabYa (DYb) = −KIJYI (DYJ) , (3.54)
with
DYb =
[
(δYb) +
1
2
Kbc
(
δKcd
)
Yd
]
,
DYJ =
[
(δYJ) +
1
2
KJK
(
δKKL
)
YL
]
.
(3.55)
(iii) by implementing the dilaton σ, the relations (3.47-3.48) can be also put in the form
δabZaZb = = KcdYcYd = e+2σKcdYcYd ,
ηIJZIZJ = KKLYKYL = e+2σKKLYKYL ,
(3.56)
where we have set
Yc (σ, φ) = e−σYc (φ) ,
YK (σ, φ) = e−σYK (φ) .
(3.57)
3.1.2 Criticality conditions
In the inertial coordinate frame {ξ}, the critically condition of the black hole po-
tential takes a simple form; it reads as follows:
δV7D,N=2BH = 2
(
3∑
a,b=1
δabZaδZb
)
+ 2
(
19∑
I,J=1
δIJZIZJ
)
= 0. (3.58)
This variation can rewritten formally like
2
(
3∑
a,b=1
δabZaTb
)
+ 2
(
19∑
I,J=1
δIJZITJ
)
= 0. (3.59)
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where, in general,
T a = δZa =
(
∂Za
∂ξ0
)
δξ0 +
(
∂Za
∂ξbI
)
δξbI ,
=
(
∂Za
∂ξ0
)
δξ0 + (DbIZa)∇ξbI ,
T I = δZI =
(
∂ZI
∂ξ0
)
δξ0 +
(
∂ZI
∂ξbJ
)
δξbJ ,(
∂ZI
∂ξ0
)
δξ0 +
(
DbIZI
)∇ξbI .
(3.60)
In the case of 7D N = 2 supergravity embedded in 11D M-theory on K3, Za and ZI are
respectively given by e−σZa (ξ) and e−σZI (ξ) eqs(3.33). So we have(
∂Za
∂σ
)
= −e−σZa ,
(
∂Za
∂ξbJ
)
= e−σ
(
∂Za
∂ξbJ
)
,
(
∂ZI
∂σ
)
= −e−σZI ,
(
∂ZI
∂ξbJ
)
= e−σ
(
∂ZI
∂ξbJ
)
.
(3.61)
Classification of solutions of eq(3.59)
The above theorem and corollary show that the black hole solutions associated with the
critical points of eq(3.59) are of three kinds: a 1/2-BPS and two non BPS black holes;
to which we refer to as type 1 and type 2.
The non degenerate solutions of eq(3.59) with black hole effective potential at horizon
like (
V7d,N=2BH
)
horizon
> 0, (3.62)
and the Arnowitt-Deser-Misner (ADM) mass M2ADM bounded like,(
3∑
a,b=1
δabZaZb
)
≤M2ADM =
(
3∑
a,b=1
δabZaZb +
19∑
I,J=1
δIJZIZJ
)
, (3.63)
are given by:
(1) 1/2- BPS state.
This black hole state has eight supersymmetries and corresponds to,
(Z1,Z2,Z3) 6= (0, 0, 0) , (3.64)
but
3∑
a,b=1
δabZaTb = 0, (3.65)
and
(ZI) = (Z1, ...,Z19) = (0, ..., 0) . (3.66)
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In this case the ADM mass M2ADM saturates the bound
MADM ≥
√√√√( 3∑
a,b=1
δabZaZb
)
. (3.67)
At the event horizon, the critical ADM mass (MADM)h is obtained by extremizing the
effective potential V7D,N=2BH with respect to the scalar moduli ξm.
Using eq(3.64), we then have
0 < (MADM)BPS = (MADM)h , (3.68)
where we set
(MADM)BPS =
√√√√( 3∑
a,b=1
δabZaZb
)
horizon
. (3.69)
The lower bound of (MADM)h is positive definite. By using eq(3.34) and eq(3.7), we
also have for the case ηΛΣp
ΛpΣ 6= 0 and pdδdhph,
(Za)
horizon
= pa
√
|(pbδbcpc−pJδJKpK)|
pdδdhp
h ,
(
LaΛ
)
horizon
= pΛ
(∣∣(pbδbcpc − pJδJKpK)∣∣)−1Za . .
(3.70)
(2) non BPS state: type 1
This is a non supersymmetric state corresponding to,
(ZI) = (Z1, ...,Z19) 6= (0, ..., 0) , (3.71)
and ∑
δIJZITJ = 0, (3.72)
and moreover
(Za) = (Z1,Z2,Z3) = (0, 0, 0) . (3.73)
In this case the critical ADM mass (MADM)h is given by:
0 ≤ (MADM)h =
√√√√( 19∑
I,J=1
δIJZIZJ
)
horizon
. (3.74)
Notice that since Za and ZI are defined up to SO (3)×SO (19) gauge symmetry eqs(2.18),
we can usually perform a rotation to bring eq(3.71) to the form
(ZI) = (Z1, 0, ..., 0) , (3.75)
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with (ZI)I=1 6= 0 and all others ZI with I 6= 1 equal to zero. Similar conclusion can
made for Za or both Za and ZI .
(3) non BPS state: type 2
This state is non supersymmetric and corresponds to
(Za) 6= (0, 0, 0) , i.e Za 6= 0 for some a ∈ J ⊂ {1, 2, 3} , (3.76)
and ∑
a,b∈J
δabZaTb = 0 (3.77)
together with
(ZI) 6= (0, ..., 0) , i.e ZI 6= 0 for some I ∈ J ′ ⊂ {1, ..., 19} (3.78)
as well as ∑
I,J∈J ′
δIJZITJ = 0. (3.79)
This configuration leads to
0 < (MADM)h =
√√√√(∑
a,b∈J
δabZaZb
)
horizon
+
( ∑
I,J∈J ′
δIJZIZJ
)
horizon
. (3.80)
For more details on this classification, see also the analysis of subsection 7.1.
In the end of this discussion, notice that a similar and equivalent study can be done for
the criticality condition by using the curved coordinates frame {ϕm}. The two methods
are equivalent and are related by the identities Za (ξ) = e
c
a (ξ, φ)Yc (φ) and ZI (ξ) =
eKI (ξ, φ) YK (φ) .
3.2 7D black 3- brane
The 7D black 3 - brane is realized by wrapping the M5 brane on the 2- cycles of K3.
The three remaining space directions fill part of the seven space time dimensions.
The 3 - brane is electrically charged under the U22 (1) gauge group symmetry of the
N = 2 7D supergravity theory. The solutions for 7D black 3 - brane are given by the
dual of the previous black hole ones.
The electric charges
qΛ =
(
q1, ..., q22
)
, (3.81)
are given by the integral of the real 7-form flux density F7 through the basis of the 7-
cycles S5∞ ×ΨΛ,
qΛ =
∫
S5∞
(∫
ΨΛ
F7
)
, Λ = 1, ..., 22, (3.82)
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where the real 5-sphere S5∞ is normalized as,∫
S5∞
d5s = 1. (3.83)
In the above relation, the real space time 7- form F7 is the Hodge dual of the field
strength F4 = dC3 considered previously.
The black 3-brane potential
V7D,N=23-brane (3.84)
is obtained by dualizing the Weinhold potential of the 7D black hole (3.5). This scalar
potential can be defined either by using the inertial coordinates frame {ξ} or, in general,
the curved one.
3.2.1 Effective potential
In the inertial coordinate frame {ξ}, the black 3-brane potential V7D,N=23-brane reads as
follows,
V7D,N=23-brane =
3∑
a,b=1
δabZ˜aZ˜b +
19∑
I,J=1
δIJZ˜IZ˜J , (3.85)
where Z˜a and Z˜I are the dressed electric charges dual to the dressed magnetic Za and
ZI . They are given by,
Z˜a =∑22Λ=1 qΛL˜aΛ , L˜aΛ = L˜aΛ (ξ) ,
Z˜I =∑22Λ=1 qΛL˜IΛ , L˜IΛ = L˜IΛ (ξ) , (3.86)
where the L˜aΛ and L˜IΛ are related to the LΛb and LΛJ of eqs(3.7) as follows
L˜aΛLΛb = δab , L˜IΛLΛJ = δIJ . (3.87)
The matrices L˜aΛ satisfy constraint relations similar to those satisfied by given by LΛJ . In
particular, the analogue of (3.7) reads as
ηΥ̥L˜Υa L˜̥b = ηab, ηΥ̥L˜ΥI L˜̥J = ηIJ . (3.88)
We also have the factorization of the dilaton,
L˜aΛ = e+σL˜aΛ, L˜IΛ = e+σL˜IΛ, (3.89)
as well as
Z˜a = e+σZ˜a , Z˜a =∑22Λ=1 qΛL˜aΛ ,
Z˜I = e+σZ˜I , Z˜I =∑22Λ=1 qΛL˜IΛ . (3.90)
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Putting these expressions back into eq(3.85), we obtain the factorization
V7d,N=23-brane (σ, ξ) = e+2σV3 (ξ) , (3.91)
with
V3 =
3∑
a,b=1
δabZ˜aZ˜b +
19∑
I,J=1
δIJ Z˜IZ˜J . (3.92)
Moreover, using the usual electric/magnetic duality relation between the electric and
magnetic charges namely
pΛq
Σ ∼ δΣΛ, (3.93)
it is not difficult to check that we have the following relations,
Z˜aZb ∼ δab , Z˜IZJ ∼ δIJ , (3.94)
defining the duality between the dressed electric and magnetic charges.
3.2.2 Criticality conditions
The solutions of the criticality condition of eq(3.85) are quite similar to those ob-
tained for the 7D black hole. In fact they are precisely the duals; and they may be
obtained directly by making every where the substitution
e−σ → e+σ , Za → Z˜a , ZI → Z˜I . (3.95)
The classification of the BPS and non BPS 3-branes is given by the dual of eqs(3.64-
3.80). Then, we have:
(1) 1
2
BPS black 3-brane:Z˜a 6= (0, 0, 0) , Z˜I = 0, ∀I.
This is a supersymmetric state preserving eight supersymmetric charges and has a critical
ADM mass as
0 <
(
M˜ADM
)
BPS
=
(
M˜ADM
)
h
, (3.96)
with (
M˜ADM
)
BPS
=
√√√√( 3∑
a,b=1
δabZ˜aZ˜b
)
3-brane horizon
. (3.97)
(2) non BPS 3-brane: type 1, Z˜a = (0, 0, 0) , Z˜I 6= (0, ..., 0) .
This is a non supersymmetric state with critical ADM mass (MADM)h given by:
0 ≤
(
M˜ADM
)
h
=
√√√√( 19∑
I,J=1
δIJZ˜IZ˜J
)
3-brane horizon
. (3.98)
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(3) non BPS 3-brane: type 2, Z˜a 6= (0, 0, 0) , Z˜I 6= (0, ..., 0).
Its critical ADM mass is given by
(
M˜ADM
)
h
=
√√√√( 3∑
a,b∈J ′
δabZ˜aZ˜b
)
3-brane horizon
+
(
19∑
I,J∈J ′′
δIJZ˜IZ˜J
)
3-brane horizon
, (3.99)
where some (not all) of the geometric dressed charges as well as the matter ones are
equal to zero.
4 Fields and fluxes in 7D supergravity
In this section, we study the field content of the 7D N = 2 supergravity. This
analysis is not new; but it is useful for two things: First to fix the ideas; in particular
the issue regarding how the 7D field spectrum is generated from 11D M-theory on K3.
Second, it allows to physically motivate the derivation of the Dalbeault like basis {Ωa,ΩI}
(1.2) of H2 (K3, R) that we will develop in the next section.
We consider the 11D- M-theory compactified on K3 determining an effective 7D N =
2 supergravity at Planck scale. Under compactification on K3, the eleven dimensional
3-form gauge field C11DMNP
(
xQ
)
= C11DMNP ,
C11DMNP ≡ C11DMNP
(
xµ, yi
)
, y ∈ K3, (4.1)
with
xQ = (x0, ..., x10) ,
xµ = (x0, ..., x6) ,
yi = (x7, ..., x10) ,
(4.2)
decomposes into:
(i) a 7D space time real 3-form gauge field Cµνρ (x) (the membrane gauge field in 7D
space time). It is dual to a rank 2- tensor Bµν field.
(ii) twenty two (22 ) 1- form gauge fields AΛ ( 7D space time gauge particles).
As these gauge particles play a central role in this study, let us give more details.
4.1 11D gauge 3-form on K3
The 7D N = 2 supergravity theory we are considering here is very special. It is the
supersymmetric field theoretic limit of the 11D M-theory on K3.
This 7D theory has an abelian U22 (1) gauge symmetry captured by 22 Maxwell type
gauge fields
AΛ = dxµAΛµ (x) , (4.3)
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with gauge transformation
AΛ → AΛ + d (εΛ) . (4.4)
The corresponding 22 gauge invariant field strengths are
FΛ2 = dAΛ, GΛ5 = ∗
(FΛ2 ) Λ = 1, · · · , 22. (4.5)
where
FΛ2 = dxνdxµFΛ[µν]. (4.6)
The gauge invariant 5- form GΛ5 is the Hodge-dual of FΛ2 in seven dimension space time.
For simplicity, we shall drop out the sub-indices 2 and 5,
FΛ2 → FΛ , GΛ5 → GΛ. (4.7)
The gauge fields AΛµ follow from the compactification of the gauge 3- form
C11D3 = dxPdxNdxMC11D[MNP ]. (4.8)
Denoting by H11D4 the gauge invariant 4- form field strength of C11D3 and by H˜11D7 the
11D Hodge dual of H11D4 , then the 7D gauge fields AΛ, FΛ and GΛ can be defined as:
AΛ =
∫
ΨΛ
C3, FΛ =
∫
ΨΛ
H11D4 , GΛ =
∫
ΨΛ
H˜11D7 , (4.9)
where ΨΛ ∈ H2 (K3, R) is a real basis of 2-cycles.
The integration of the field strength FΛ (resp. GΛ) throughout the sphere S2∞ (resp. S5∞)
give the magnetic (resp. electric) charges pΛ (resp. qΛ),
pΛ =
∫
S2∞
FΛ , qΛ =
∫
S5∞
GΛ. (4.10)
Up on using eq(4.9), these magnetic and electric charges can be also put in the following
way by using 11D gauge fields and the second homology basis
{
ΨΛ
}
of K3,
pΛ =
∫
S2∞
(∫
ΨΛ
H11D4
)
,
qΛ =
∫
S5∞
(∫
ΨΛ
H˜11D7
)
.
(4.11)
The magnetic charges pΛ and the electric ones qΛ obey the usual Dirac quantization
(3.93).
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4.2 Two 7D N = 2 supersymmetric representations
From the view of the 7DN = 2 supergravity, the 22 gauge fields AΛµ do not carry the
same supersymmetric quantum numbers. It happens that the AΛµ and the corresponding
field strengths FΛµν and ∗
(FΛµν) split into triplets and 19-uplets as shown below,(AΛµ) = (Aaµ)⊕ (AIµ) , (4.12)
and (FΛµν) = (Faµν)⊕ (F Iµν) , (4.13)
as well as
∗
(FΛµν) = ∗ (Faµν)⊕ ∗ (F Iµν) . (4.14)
The component fields Aaµ, Faµν and ∗
(Faµν) transform as real vectors under SO (3); but
like real scalars under SO (19).
Similarly, the component fields AIµ, F Iµν and ∗
(F Iµν) transform as real scalars under
SO (3); but like real vectors under SO (19).
This property translates the fact that the 22 abelian gauge fields belong to two different
7DN = 2 supersymmetric representations, namely the 7D N = 2 supergravity multiplet,
denoted as,
G7D,N=2, (4.15)
and the 7D N = 2 gauge multiplets
(V7D,N=2)I , I = 1, ..., 19. (4.16)
Below we comment briefly these two representations:
4.2.1 Supergravity multiplet G7D,N=2
The component fields content of the 7D N = 2 supergravity multiplet G7D,N=2 reads
as follows:
Bosons : Gµν (x) , Cµνρ (x) , Aaµ (x) , σ (x)
Fermions : ψ1αµ (x) , ψ
2
αµ (x) , χ
1
α (x) , χ
2
α (x)
(4.17)
The first line refers to the 7D bosonic fields; they describe respectively the 7D graviton
Gµν , the 7D antisymmetric 3-form gauge field Cµνρ, the space time 1- form gauge fields
triplet Aaµ and the 7D dilaton σ.
The second line refers to the 7D fermionic field partners namely:
(i) two 7D gravitinos
(
ψ1αµ, ψ
2
αµ
)
(ii) two 7D gravi-photinos (χ1α, χ
2
α):
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Both of these fermionic fields form isodoublets of the USPR (2,R) automorphism symmetry
7
of the 7D N = 2 superalgebra.
4.2.2 Abelian gauge supermultiplets
The component fields content of the nineteen 7D N = 2 abelian gauge supermulti-
plets VI7D,N=2 is given by
Bosons : AIµ , φaI ,
Fermions : λ1Iα , λ
2I
α .
(4.18)
Each multiplet V7D,N=2 consists of :
(i) a 7D gauge field Aµ, which is a singlet under the USP (2,R) ,
(ii) two 7D fermions
(
λ1α, λ
2
α
)
forming an isodoublet under the USP (2,R) automorphism
symmetry of the 7D N = 2 superalgebra
(iii) three 7D scalar fields8 φa =
(
φ1, φ2, φ3
)
forming an USP (2,R) isotriplet.
The gauge fields (4.18) capture different quantum numbers of the SO (3) × SO (19)
isotropy symmetry of the moduli space MN=27D
MN=27D = G × SO (1, 1) , G =
SO (3, 19)
SO (3)× SO (19) , (4.19)
where SO (3) should be thought of as the R- symmetry group USP (2,R). For the matter
multiplet (V7D,N=2, see footnote 8 ), we have
Bosons :
AIµ ∼ (1, 19)
φaI ∼ (3, 19) (4.20)
and
Fermions :
(
λ1Iα , λ
2I
α
) ∼ (2, 19) , (4.21)
where (s, 19), with s = 1, 2, 3, refer to SO (3)× SO (19) representations.
A quite similar classification can made for the fields of the supergravity multiplet G7D,N=2.
The quantum numbers of the supergravity fields under the SO (3) × SO (19) isotropy
7The automorphism group USP (2,R) of the 7D N = 2 superalgebra is related to the SO (3) isotropy
symmetry factor of the moduli space. The homomorphism is given by the usual relation x(αβ) =∑
xa (σa)
αβ
mapping the adjoint of USP (2,R) to the 3- vector of SO (3).
8For simplicity, we shall refer to the gauge multiplet VN=27D as matter and to the gravity GN=27D as
geometry.
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symmetry is as follows:
Bosons :
Gµν ∼ (1, 1) ,
Cµνρ ∼ (1, 1) ,
Aaµ ∼ (3, 1) ,
σ ∼ (1, 1) ,
(4.22)
and
Fermions :
(
ψ1αµ, ψ
2
αµ
) ∼ (2, 1) ,
(χ1α, χ
2
α) ∼ (2, 1) .
(4.23)
Notice that all the fields of G7D,N=2 are scalar under SO (19); but can be either isosinglets,
isodoublets or isotriplets under SO (3) ∼ USP (2,R).
In what follows, and in order to alleviate the notations, we shall drop out the 7D
spinor index α (Roman character). We will use the index α (in Math character) to refer
to the isospin 1/2 representation of the USP (2,R) symmetry group. The two gravitinos,
the two gravi-photinos and the nineteen gaugino doublets will be collectively written as
follows
ψβαµ =
(
ψ1αµ, ψ
2
αµ
) → ψβµ = (ψ1µ, ψ2µ) ,
χβα = (χ
1
α, χ
2
α) → χβ = (χ1, χ2) ,
λβIα =
(
λ1Iα , λ
2
α
) → λβI = (λ1I , λ2I) , (4.24)
where the space time spinor index α has been dropped out. We also have the relation
between USP (2,R) and SO (3,R) ,
φaI =
2∑
α,β=1
σaαβφ
(αβ)I , a = 1, 2, 3, (4.25)
where φ(αβ) stands for the symmetric part of φαβ.
5 Deriving the {Ωa,ΩI} basis of H2 (K3,R)
In this section, we use physical arguments to construct one of the basis tools to
deal with the special hyperKahler geometry (SHG) of the 11D M- theory on K3. This
construction concerns the derivation of a ”Dalbeault like” basis {Ωa,ΩI} of the second
real cohomology of K3. This is a real 22 dimensional 2-form basis of H2 (K3,R)
{Ωa,ΩI} , a = 1, 2, 3, I = 1, ..., 19, (5.1)
with the particularity of combining both the K3 Kahler 2-form
Ω0 = Ω(1,1), (5.2)
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and the associated complex holomorphic and antiholomorphic 2-forms
Ω+ = Ω(2,0), Ω− = Ω(0,2), (5.3)
in an SO (3) isotriplet
Ωa =
(
Ω+,Ω0,Ω−
)
. (5.4)
This operation corresponds naively to combining the Kahler tI ≡ z0I and complex defor-
mation z±I moduli of the metric of K3 into 19 isotriplets ξ
a
I with a = 0,±.
The 19-uplet 2-forms ΩI , which turn out to be equal to the covariant derivative of Ω
a;
i.e
ΩI = DaIΩa, (5.5)
can be imagined as the real 2-form generating SO (3) spherical deformations of the metric
of K3.
To that purpose, we start by recalling some useful results on the special Kahler
geometry (SKG) of 10D type IIB superstring on CY3s; in particular the role played by
the Dalbeault basis ofH3 (CY 3, R). Then, we derive eq(5.1) by using constraint relations
from 7D N = 2 supergravity theory. More analysis on the the special hyperKahler
geometry (SHG) set up using the basis (5.1) will be developed in the next sections.
5.1 General on SKG of CY3
Following ??, the third real cohomology H3 (X3,R) of the Calabi-Yau X3 threefold
can be Hodge-decomposed along the third Dalbeault basis as follows,
H3 (X3,R) = H
3,0 (X3)⊕s H2,1 (X3)⊕s H1,2 (X3)⊕s H0,3 (X3) , (5.6)
where the subscript s stands for the semi-direct cohomological sum due to non vanishing
intersections.
The above Hodge decomposition corresponds to make a change of basis from the usual
real symplectic basis9 of H3 (X3,R) namely,
αΛ , β
Λ , Λ = 0, ...., h2,1 (5.7)
to the Dalbeault basis
Ω3 , DiΩ3 , DiΩ3 , Ω3 , (5.8)
where i = 1, ..., h1,2 (CY 3).
In the above relation, Ω3 ∈ H3,0 (CY 3) and Ω3 ∈ H0,3 (CY 3) stand respectively for the
9In this subsection αΛ and β
Λ are 3-forms of H3 (CY 3); they should not be confused with the Hodge
basis of H2 (K3) denoted by the same letters.
35
usual holomorphic and antiholomorphic 3-forms on the Calabi-Yau threefold X3. They
are expressed in terms of αΛ and β
Λ like
Ω3 (z) = X
Λ (z)αΛ − FΛ (z)βΛ ,
Ω3 (z) = X
Λ
(z)αΛ − FΛ (z)βΛ .
(5.9)
Here, the moduli space coordinate variables
z =
(
zi
)
, z =
(
zi
)
, z0 = 1, (5.10)
are the complex structure moduli describing the complex deformations of the metric of
X3 and {
XΛ (z) , FΛ (z)
}
, (5.11)
with the property
(
XΛ, FΛ
)→ ef(z) (XΛ, FΛ) , ∂XΛ
∂z
= 0,
∂FΛ
∂z
= 0, (5.12)
is a basis of symplectic holomorphic fundamental periods of Ω3 around the 3-cycles{
AΛ, BΛ
}
,
XΛ =
∫
AΛ
Ω3, FΛ =
∫
BΛ
Ω3. (5.13)
Recall that the set of real 3-forms
{
αΛ,β
Λ
}
satisfy the symplectic structure〈
αΛ,β
Σ
〉
= δΣΛ ,
〈αΛ,αΣ〉 = 0 ,〈
βΛ,βΣ
〉
= 0 ,
(5.14)
where the inner product of two 3- forms F and G is defined as
〈F,G〉 =
∫
CY 3
F ∧G = −〈G,F 〉 . (5.15)
By Poincare´ duality of the 3-forms
{
αΛ,β
Λ
}
on the Calabi-Yau threefold, we also have
the set of real 3-cycles {
AΛ, BΛ
}
, (5.16)
dual to (5.7) and generating the third real homology H3 (CY 3,R). The basis
{
αΛ,β
Λ
}
and its dual
{
AΛ, BΛ
}
satisfy∫
AΛ
αΣ = δ
Λ
Σ ,
∫
AΛ
βΣ = 0 ,∫
BΛ
αΣ = 0 ,
∫
BΛ
βΣ = −δΛΣ .
(5.17)
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We also have the following fundamental relations of special Kahler geometry〈
Ω3,Ω3
〉
= −ie−K〈
DiΩ3, DiΩ3
〉
= igije
−K
(5.18)
together with (see also the appendix )
〈Ω3,Ω3〉 =
〈
Ω3,Ω3
〉
= 0 ,〈
Ω3, DiΩ3
〉
=
〈
DiΩ3,Ω3
〉
= 0 .
(5.19)
Recall also that the Dalbeault basis (5.8) of the cohomology of CY3 has been shown to
be particularly convenient to deal with the two following things:
(1) the SKG of the 10D type IIB superstring on CY3; in particular in the study of the
effective scalar potential of 4D N = 2 supergravity and the characterization of the BPS
and non BPS 4D black holes.
(2) the development of the ”new attractor” approach of the 4D N = 2 supergravity and
4D N = 1 supergravity with fluxes [62, 63].
Our purpose below is to build the analogue of the above relations for the SHG of the
11D M-theory on K3. Using special features of the Hodge decomposition of the second
real cohomology of K3, we show that the analogue of eq(5.8) is, in some sense, given by
(5.1) where Ωa is an real isotriplet and ΩI is a real 19-uplet.
Because of the formal similarity with eqs(5.8), we will sometimes refer to the basis (5.1)
as the Dalbeault like basis for the second real cohomology of K3. Nevertheless, one
should note that there is a basic difference between eqs(5.8) and (5.1); the first one deals
with complex deformations of CY3 while the second deals with the combined Kahler and
complex deformations of K3.
5.2 A special basis of H2 (K3, R)
In this subsection, we derive the Dalbeault like basis (5.1) by using special features
of the underlying symmetries of the 7D N = 2 supergravity field theory; in particular:
(1) the splitting of the fields content of 7D N = 2 supergravity in two irreducible
supersymmetric representations,
(2) the combination of the Kahler and complex deformations of the metric of K3. This
combination allows to group altogether the deformations moduli into isotriplets.
These two properties are not completely independent; they are in fact different ways to
state the implementation of the SO (3)×SO (19) isotropy symmetry of the moduli space
MN=27D in the supergravity field theory.
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5.2.1 Supersymmetric representation constraints
The 7D N = 2 supergravity embedded in 11D M-theory on K3 has several space
time fields with different quantum numbers. For instance, the 22 abelian gauge fields
AΛ = dxµAΛµ with
AΛ =
∫
ΨΛ
C11D3 , Λ = 1, ..., 22, (5.20)
belong to two different irreducible representations of 7D N = 2 supersymmetric algebra.
These supersymmetric representations correspond to the gravity multiplet
G7D,N=2, (5.21)
and the gauge (matter) supermultiplet
V7D,N=2. (5.22)
From eqs(4.17,4.18), we see that the gauge fields AΛµ of eq(5.20) split into two basic sets
(4.12):
(i) 3 gauge fields Aaµ, belonging to the gravity multiplet G7D,N=2.
(ii) 19 gauge fields AIµ, belonging to the gauge multiplets VI7D,N=2.
Splitting the system
{AΛµ}
As noted before, the gauge fields AΛµ and FΛµν are not exactly what it seen by N = 2
supersymmetry in the 7D space time. What required by the irreducible representations
of the 7D N = 2 superalgebra are precisely the gravi-photon isotriplet
Aaµ = Aaµ (x) (5.23)
and the Maxwell gauge fields
AIµ = AIµ (x) (5.24)
describing 19 ”photons” in the gauge sector.
This means that the ”physical quantities”; in particular the gauge fields Aaµ and AIµ as
well as the corresponding field strengths Faµν and F Iµν can be defined as linear combina-
tions of AΛµ and FΛµν as follows
Aaµ =
∑22
Λ=1Q
a
ΛAΛµ ,
Faµν =
∑22
Λ=1Q
a
ΛFΛµν .
(5.25)
where the decomposition coefficients QaΛ = Q
a
Λ (ξ) are local field tensors whose interpre-
tation will be given in a moment.
38
To fix the ideas, think about the 22× 22 matrix, which can be split like
QΣΛ =
(
QaΛ, Q
I
Λ
)
, (5.26)
as an orthogonal matrix
Q
Σ
Λ ∈ SO (3, 19) . (5.27)
Similarly, the gauge fields AIµ and the corresponding field strengths F Iµν may be defined
as well as linear combinations of AΛµ and FΛµν like,
AIµ =
∑22
Λ=1Q
I
ΛAΛµ ,
F Iµν =
∑22
Λ=1Q
I
ΛFΛµν .
(5.28)
where QIΛ are as in eq(5.27). Moreover, inverting eqs(5.25-5.28) as follows,
AΛµ =
∑3
a=1 L
Λ
aAaµ +
∑19
I=1 L
Λ
IAIµ ,
FΛµν =
∑3
a=1 L
Λ
aFaµν +
∑19
I=1 L
Λ
I F Iµν ,
(5.29)
where the decomposition coefficients LΛa and L
Λ
I are local fields, we can get information
on the matrices QΥΛ and L
Σ
Υ.
Substituting the decomposition (5.29) back into (5.25-5.28), we get the following relation
3∑
a=1
QaΛL
Σ
a +
19∑
I=1
QIΛL
Σ
I ≡
22∑
Υ=1
QΥΛL
Σ
Υ = δ
Σ
Λ. (5.30)
Using the flat metric tensors ηab = +δab and ηIJ = −δIJ of the inertial frame, we can
put this relation into the form
QaΛηabL
b
Σ +Q
I
ΛηIJL
J
Σ = ηΛΣ, ⇔ Qη22×22L = η22×22 (5.31)
which is precisely the SO (3, 19) orthogonality relation we have described in sections 2
and 3.
5.2.2 The dual of {Ωa,ΩI}
7D N = 2 supersymmetry puts a strong constraint on the underlying SHG of the
7D supergravity theory. It requires a particular real 2- cycle basis of H2 (K3){
Ba , BI
}
, (5.32)
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which allows to define the gauge fields Aaµ and AIµ of the supergravity theory like
Gravity : Aaµ =
∫
Ba
C11D3 , 3 gravi-photons
Matter : AIµ =
∫
BI
C11D3 , 19 abelian gauge fields
(5.33)
To get the relation between the new basis
{
Ba, BI
}
with a = 1, 2, 3, I = 1, ..., 19, and
the old one {
ΨΛ
}
, Λ = 1, ..., 22, (5.34)
considered previously, we proceed as follows:
(1) start from the gauge 3-form C11D3 of the 11D theory and compactify on K3. By using
the
{
ΨΛ
}
2- cycle basis, we get
AΛ =
∫
ΨΛ
C11D3 , AΛ = dxµAΛµ . (5.35)
If instead of (5.34), we use the 2- cycle basis
{
Ba, BI
}
, we end with the relations (5.33).
(2) compare the two expressions by using (5.25-5.28); we obtain
Aa =∑22Λ=1QaΛ (∫ΨΛ C11D3 ) ,
Fa2 =
∑22
Λ=1Q
a
Λ
(∫
ΨΛ
F11D4
)
,
(5.36)
and
AI =∑22Λ=1QIΛ (∫ΨΛ C11D3 ) ,
F I2 =
∑22
Λ=1Q
I
Λ
(∫
ΨΛ
F11D4
)
.
(5.37)
But, these relations read also as follows
Aa = ∫
Ba
C11D3 , Fa2 =
∫
Ba
F11D4 ,
AI = ∫
BI
C11D3 , F I2 =
∫
BI
F11D4 ,
(5.38)
with
[Ba] =
∑22
Λ=1Q
a
Λ
[
ΨΛ
]
,
[
BI
]
=
∑22
Λ=1Q
I
Λ
[
ΨΛ
]
,
(5.39)
or equivalently [
ΨΛ
]
=
3∑
a=1
LΛa [B
a] +
19∑
I=1
LΛI
[
BI
]
. (5.40)
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These similarity transformations show that the gauge fields
(Aaµ,AIµ) and the 2-cycle
basis
{
Ba, BI
}
are related in same manner as do the gauge fields AΛµ with the basis{
ΨΛ
}
.
Building the 2-cycle basis
{
Ba , BI
}
The ”physical” 3 gravi-photons Aaµ of the gravity multiplet and the 19 ”physical” abelian
gauge fields AIµ of the matter multiplets can be defined in terms of the
{
Ba, BI
}
2-cycle
basis of H2(K3, R). This is a real 22 dimensional canonical basis{
Ba, BI
}
, a = 1, 2, 3, I = 1, ..., 19, (5.41)
dual to {Ωa,ΩI} and it is related to the old basis
{
ΨΛ
}
by eqs(5.39).
Poincare´ duality associates eq(5.41) and eq(5.1) through the relation,∫
Ba
Ωc ∼ λδac ,
∫
Ba
ΩI ∼ λξaI ,∫
BI
Ωc ∼ ̺ξIc ,
∫
BI
ΩJ ∼ ̺δIJ ,
(5.42)
where λ =
√
3+ξ2
3
and ̺ =
√
19+ξ2
19
, with ξ2 =
∑
ξaIξ
I
a, are as in eqs(2.54).
Thus, the physics of the 7D N = 2 supergravity theory teaches us that eqs(5.1) (resp.
(5.41)) is the natural basis of the second real cohomology of K3 (resp. H2 (K3, R)).
Checking eqs(5.1-5.41)
To check the naturalness of eqs (5.1-5.41), we compute the magnetic charges of the black
hole and compare them with the results obtained in section 3.
With the gauge field strengths
(
Fa2 ,F I2
)
defined as in eqs(5.38), the ”physical” magnetic
charges are given by
ma =
∫
S2∞
Fa2 , mI =
∫
S2∞
F I2 . (5.43)
Using eqs(5.25-5.28), we can put the above relations in the form involving the field
strength FΛ2 and the field coordinates of the moduli space of the theory,∫
S2∞
Fa2 =
22∑
Λ=1
QaΛ
(∫
S2
FΛ2
)
,
∫
S2∞
F I2 =
22∑
Λ=1
QIΛ
(∫
S2
FΛ2
)
.
(5.44)
Then using the identity
∫
S2∞
FΛ2 = pΛ considered in section 3, the above relations can be
reduced down to ∫
S2
Fa2 =
∑22
Λ=1 p
ΛQaΛ ,∫
S2
F I2 =
∑22
Λ=1 p
ΛQIΛ .
(5.45)
41
Comparing the expressions with eqs(3.7), we find that the physical magnetic charges ma
and mI are precisely the dressed charges;
ma = Za , mI = ZI , (5.46)
involved in the supersymmetric transformations of the Fermi fields of the 7D N = 2
supergravity theory [64]-[66].
5.3 More on the basis {Ωa, ΩI}
The real 22 dimensional 2-form basis {Ωa, ΩI} of H2 (K3, R) has also an inter-
pretation in terms of the Hodge decomposition of the second real cohomology group of
K3,
H2 (K3, R) = H(2,0) ⊕s H(1,1) ⊕s H(0,2). (5.47)
This Hodge decomposition has a particular property which we comment below:
5.3.1 The isotriplet Ωa
Compared with the Hodge decomposition of the half dimensional cohomologyHn (CY n,R)
of generic complex n dimension Calabi-Yau manifold, namely,
Hn (CY,R) = H(n,0) ⊕s H(n−1,1) ⊕ ...⊕s H(1,n−1) ⊕s H(0,n), (5.48)
eq(5.47) is particular and makes K3 a very special Calabi-Yau manifold. The point is
that for the particular case of complex n = 2 Calabi-Yau surfaces, it happens that the
holomorphic and anti-holomorphic 2-forms
Ω(n,0) , Ω(0,n), (5.49)
as well as the Kahler 2-form
Ω(1,1) (5.50)
belong all of them to the same cohomology group.
The property that Ω(2,0), Ω(0,2) and Ω(1,1) are in the same second cohomology of K3 allows
us to combine altogether the complex moduli
zi = xi + iyi ≡ z+i , zi = xi − iyi ≡ z−i , (5.51)
and the Kahler ones
ti ≡ z0i , (5.52)
to form SO (3) isotriplets
ξai = (ti, xi, yi) ↔ ξai =
(
z0i , z
+
i , z
−
i
)
. (5.53)
42
Recall that these moduli are given by the following integrals
z+i =
∫
Ci
Ω+ , xi =
∫
Ci
ReΩ+ ,
z−i =
∫
Ci
Ω− , yi =
∫
Ci
ImΩ+ ,
z0i =
∫
Ci
Ω0 , ti =
∫
Ci
Ω0 ,
(5.54)
where {Ci} is a generic basis of real 2-cycles of K3 and where we have set,
Ω+ = Ω(2,0) , Ω+ = Ω− ,
Ω− = Ω(0,2) , Ω− = Ω+ ,
Ω0 = Ω(1,1) , Ω0 = Ω0 .
(5.55)
For later use, we also set
ReΩ+ ≡ Ω1 , ImΩ− ≡ Ω2. (5.56)
and,
〈F,G〉 =
∫
K3
F ∧G, F, G ∈ H2 (K3) . (5.57)
The above inner product is bilinear and symmetric
〈aF + bF ′, G〉 = a 〈F,G〉+ b 〈F ′, G〉 ,
〈F,G〉 = 〈G,F 〉 . (5.58)
Using the orthogonality relations,
〈Ω+,Ω+〉 = 0 ,
〈Ω±,Ω0〉 = 0 ,
〈Ω−,Ω−〉 = 0 ,
(5.59)
and the identity 〈
Ω−,Ω+
〉
= 2
〈
Ω0,Ω0
〉
, (5.60)
required by SO (3) symmetry, it is not difficult to see that we also have the orthogonality
relations 〈
Ω1,Ω2
〉
=
〈
Ω1,Ω0
〉
=
〈
Ω2,Ω0
〉
= 0, (5.61)
together with 〈
Ω1,Ω1
〉
=
〈
Ω2,Ω2
〉
=
〈
Ω0,Ω0
〉
. (5.62)
Eqs (5.59-5.62) can be put altogether in the following relation〈
Ωa,Ωb
〉
= λδab, (5.63)
where the real number can be determined by computing λ = 1
3
δab
〈
Ωa,Ωb
〉
.
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5.3.2 The 19- uplet ΩI
The metric of the complex surface K3 has two kinds of deformations:
(i) Complex deformations
(
z+I , z
−
I
)
captured by the periods of the holomorphic Ω+ and
antiholomorphic Ω− 2-forms.
(ii) Kahler deformations tI captured by the periods of the Kahler 2-form Ω
0.
Here we want to show that the real 2-form ΩI is given by the following SO (3) invariant
ΩI = D+IΩ
+ +D−IΩ
− +D0IΩ
0, (5.64)
where D0,±I are covariant derivatives to be defined later on.
(1) Complex holomorphic deformations
The complex holomorphic deformations (5.54) with moduli z+I are generated by the
typical complex (1, 1)- form Ω++I following from the complex variation δΩ
+ of the holo-
morphic 2-form Ω+,
δΩ+ =
19∑
I=1
(
Ω++I
)
δz+I , Ω++I = D+IΩ
+. (5.65)
The gauge covariant derivative D+IΩ
+ is defined in term of the gauge field A+I , associ-
ated with the coordinate transformations of the moduli space of complex deformations,
as follows
D+IΩ
+ =
(
∂
∂z+I
−A+I
)
Ω+. (5.66)
Under a Kahler gauge transformation with holomorphic gauge parameter f (z)
Ω+ → ef(z)Ω+ , (5.67)
the covariant derivative D+IΩ
+ should transform in same manner; i.e(
D+IΩ
+
) → ef(z) (D+IΩ+) . (5.68)
So we should also have
A+I → A+I + ∂f (z)
∂z+I
, (5.69)
Notice also that the complex moduli
{
z+I
}
parameterize the complex 19 dimension
manifold
SO (2, 19)
SO (2)× SO (19) , (5.70)
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which is a submanifold of the moduli space (4.19).
Notice moreover that we also have the following trivial variations
Ω+−I =
(
δΩ+
δz−I
)
= 0 , Ω+0I =
(
δΩ+
δtI
)
= 0. (5.71)
Using the real notations,
Ω± = Ω1 ± iΩ2 ,
z±I = xI ± iyI , (5.72)
and the parametrization
f (z) = r (x, y) + iθ (x, y) ,
∂θ(x,y)
∂x
= −∂r(x,y)
∂y
,
∂r(x,y)
∂x
= ∂θ(x,y)
∂y
,
ef(z) = er(x,y)eiθ(x,y) ,
(5.73)
the Kahler gauge transformation of real 2-forms Ω1 and Ω2 read as follows(
Ω1
Ω2
)
→ er(x,y)
(
Ω1 cos θ + Ω2 sin θ
−Ω1 sin θ + Ω2 cos θ
)
, (5.74)
where r (x, y) and θ (x, y) are respectively the local scale and local SO (2) transforma-
tions.
(2) Complex antiholomorphic deformations
Along with the z+I complex moduli, we have also the antiholomorphic moduli z−I (5.54).
They correspond to the variations,
Ω−−I = D−IΩ
− =
(
Ω++I
)
. (5.75)
We also have
Ω−+I =
(
δΩ−
δz+I
)
= 0 ,
Ω−0I =
(
δΩ−
δtI
)
= 0 ,
(5.76)
which are just the complex conjugation of eqs(5.71).
With the above relations, one can define the complex deformation tensor as
ΩbaI =
(
Ω++I Ω
−
+I
Ω+−I Ω
−
−I
)
=
(
Ω++I 0
0 Ω−−I
)
, a, b = +,−, (5.77)
The trace of this deformation tensor is SO (2) invariant and reads as follows
TrSO(2)
(
ΩbaI
)
=
(∑
a=±
ΩaaI
)
≡ ΩI . (5.78)
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Moreover, using the decomposition (5.72), we have the following identities
δΩ+
δz+I
=
1
2
(
δΩ1
δxI
+
δΩ2
δyI
)
+
i
2
(
δΩ2
δxI
− δΩ
1
δyI
)
,
(5.79)
δΩ−
δz−I
=
1
2
(
δΩ1
δxI
+
δΩ2
δyI
)
− i
2
(
δΩ2
δxI
− δΩ
1
δyI
)
,
and
δΩ+
δz−I
=
1
2
(
δΩ1
δxI
− δΩ
2
δyI
)
+
i
2
(
δΩ2
δxI
+
δΩ1
δyI
)
,
(5.80)
δΩ−
δz+I
=
1
2
(
δΩ1
δxI
− δΩ
2
δyI
)
− i
2
(
δΩ2
δxI
+
δΩ1
δyI
)
,
from which we read
δΩ1
δxi
=
δΩ2
δyi
,
δΩ2
δxi
= −δΩ
1
δyi
. (5.81)
Using the identities (5.79-5.81), we can rewrite the deformation tensor ΩbaI in the real
coordinate frame as follows
ΩbaI =
(
Ω11I Ω
2
1I
Ω12I Ω
2
2I
)
, a, b = 1, 2. (5.82)
The trace is
ΩI =
(
δΩ+
δz+I
+
δΩ−
δz−I
)
=
(
δΩ1
δxI
+
δΩ2
δyI
)
. (5.83)
(2) Kahler deformations
The Kahler deformations (5.54) of the metric of K3 captured by the real moduli σ and
tI are generated by the variation δΩ0 of the Kahler 2-form,
δΩ0 =
(
19∑
I=1
Ω0Iδt
I
)
+ Ω0σδσ, Ω
0
σ =
(
∂Ω0
∂σ
)
. (5.84)
By setting tI = z0I , we can put the above relation into the form,
δΩ0 =
(
19∑
I=1
Ω00Iδz
0I
)
+
(
Ω0σδσ
)
, (5.85)
with
Ω00I = (D0IΩ
0) ,
D0IΩ
0 =
(
∂
∂z0I
− A0I
)
Ω0 ,
(5.86)
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where A0I (t) is the gauge field capturing the local scale transformation
Ω0 → eτ(t)Ω0, A0I → A0I + ∂τ (t)
∂tI
. (5.87)
The real deformations
{
tI
}
and σ parameterize the real 20 dimension manifold
SO (1, 19)
SO (19)
× SO (1, 1) . (5.88)
This is a submanifold of the moduli space (4.19) and can be thought of as the transverse
space to the space SO(2,19)
SO(2)×SO(19) eq(5.70) in the full moduli space
SO(3,19)
SO(3)×SO(19) ×SO (1, 1).
We also have the analogue of eqs(5.71),
Ω0+I =
(
δΩ0
δz+I
)
= 0 ,
Ω0−I =
(
δΩ0
δz−I
)
= 0 .
(5.89)
5.3.3 Deformation tensor ΩbaI
From the above analysis, we learn the two following remarkable properties:
(1) the moduli
{
σ, tI , xI , yI
}
describing Kahler and complex deformations of the metric
of K3 parameterize the space
SO (1, 1)×
(
SO (1, 19)
SO (19)
)
×
(
SO (2, 19)
SO (2)× SO (19)
)
, (5.90)
with isotropy symmetry SO (2)× SO (19). as mentioned earlier. This is a sub-manifold
of eq(4.19).
(2) the 3 × 3 deformation matrix (ΩbaI), capturing both the Kahler and complex defor-
mations of the metric of K3, is generally given by
(
ΩbaI
)
=
 Ω
0
0I Ω
+
0I Ω
−
0I
Ω0+I Ω
+
+I Ω
−
+I
Ω0−I Ω
+
−I Ω
−
−I
 . (5.91)
However, because of eqs(5.71,5.76,5.89), this matrix reduces to the diagonal form
ΩbaI =
 Ω
+
+I 0 0
0 Ω00I 0
0 0 Ω−−I
 . (5.92)
Eq(5.92) captures the 1+57 deformations of the metric of K3; the dilaton can be exhibited
by factorizing it as follows:
ΩbaI = e
−σ̟baI . (5.93)
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However, seen that dimH2 (K3,R) = 22, and seen that three of the vector basis of
H2 (K3,R) namely Ωa have been already identified, it follows that the remaining nineteen
2-forms vector basis are given by
ΩI = Ω
+
+I + Ω
+
+I + Ω
+
+I . (5.94)
This trace is precisely eq(5.64); and it reads, in the real notations, as follows
ΩI =
2∑
a=0
(DaIΩ
a) =
∑
a=0,±
(DaIΩ
a) . (5.95)
Notice that gauge transformations
Ω0 (t) → eτ (t)Ω0 (t) ,
Ω+ (z) → ef(z)Ω+ (z) ,
Ω− (z) → ef(z)Ω− (z) ,
(5.96)
as well eqs(5.74) and (5.87), are not the most general one. The most general gauge
change for the isotriplet 2-form Ωa = Ωa (φ) should be like
Ωa → eλ (Uab Ωb) , (5.97)
where Uab = U
a
b (φ) is a local SO (3) gauge transformation and exp [λ (φ)] being a local
scale factor.
6 SHG: the basic relations
The special hyperKahler geometry (SHG) of the moduli space of the 11D M-theory
on K3 can be nicely described by specifying:
(1) the usual Hodge 2- form basis {αΛ, Λ = 1, ..., 22} and its dual 2-cycle basis
{
ΨΛ
}
of H2 (K3, R) satisfying ∫
ΨΛ
αΣ ∼ δΛΣ. (6.1)
(2) the new basis {Ωa,ΩI} with ΩI = DaIΩa and its dual 2-cycle basis
{
Ba, BI
}
consid-
ered in previous section.
The ”old” real 2-forms basis {αΛ} and the ”new” {Ωa,ΩI} one are globally defined on
K3; they generate the second real cohomology group H2 (K3, R). The passage from the
old Hodge basis αΛ to the new basis {Ωa,ΩI} is given, at each point ϕm =
(
σ, φaI
)
of
the moduli space, by the similarity transformations
Ωa =
∑
αΛX
Λ
a (ϕ) ,
ΩI =
∑
αΛX
Λ
I (ϕ) .
(6.2)
48
The expansion modes XΛa (ϕ) and X
Λ
I (ϕ) are local fields on the moduli space and can
be interpreted as the periods of Ωa and ΩI over the 2-cycles Ψ
Λ as shown below,
XΛa (ϕ) =
∫
ΨΛ
Ωa ,
XΛI (ϕ) =
∫
ΨΛ
ΩI .
(6.3)
The 2-forms Ωa and ΩI are defined up to a local SO (3)×SO (19) gauge transformations,
Ωa (ϕ) ≡ U ba (ϕ)Ωb (ϕ) , ΩI (ϕ) ≡ V JI (ϕ) ΩJ (ϕ) ,
XΛa (ϕ) ≡ U ba (ϕ)XΛb (ϕ) , XΛI (ϕ) ≡ V JI (ϕ)XΛJ (ϕ) ,
(6.4)
with
U ca (ϕ)U
b
c (ϕ) = δ
b
a ,
V KI (ϕ)V
J
K (ϕ) = δ
J
I ,
(6.5)
where ϕ parameterizes a generic local point onMN=27D .
6.1 Fundamental relations
The constraint eqs(5.59-5.63) describing the Kahler and complex deformations of
the metric of K3 can be reformulated in an SO (3)×SO (19) covariant manner by using
the basis {Ωa,ΩI} and the symmetric inner products 〈Ωa,Ωb〉, 〈ΩI ,ΩJ〉 and so on. Notice
that the inner product 〈F,G〉 of generic local 2-forms F,G ∈ H2 (K3,R) is defined as
〈F,G〉 =
∫
K3
F ∧G. (6.6)
It is bilinear and symmetric.
6.1.1 Gauge invariant constraint eqs
Because of their local nature and because of their symmetries, the constraint eqs(5.59-
5.62) can be rewritten as follows:
〈Ωa (σ, φ) ,Ωb (σ, φ)〉 = δab ,
〈Ωa (σ, φ) ,ΩI (σ, φ)〉 = 0 ,〈
ΩI (σ, φ) ,ΩJ (σ, φ)
〉
= δIJ .
(6.7)
These relations are gauge invariant under the SO (3)× SO (19) local gauge transforma-
tions (6.4); thanks to the local orthogonality relations
δba = U
c
a (ϕ)U
b
d (ϕ) δ
d
c , U ∈ SO (3) ,
δIJ = V
L
J (ϕ)V
I
K (ϕ) δ
K
L , V ∈ SO (19) .
(6.8)
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Now, think about the δab and δ
I
J invariants as the products of the local field matrix Kab
(resp. KLJ) and its K
ac inverse (resp. KIL);
δab = Kac (ϕ)Kcb (ϕ) = Kac (φ)Kcb (φ) ,
δIJ = KIL (ϕ)KLJ (ϕ) = KIL (φ)KLJ (φ) ,
(6.9)
with the field matrices Kab and KIJ factorized like,
Kac (σ, φ) = e+σKac (φ) , Kcb (σ, φ) = e−σKcb (φ) ,
KIL (σ, φ) = e+σKIL (φ) , KLJ (σ, φ) = e−σKLJ (φ) .
(6.10)
Then put back into eqs(6.7), we can bring it to the following covariant form
〈Ωa,Ωb〉 = e−2σKab ,
〈
Ωa,Ωb
〉
= e+2σKab ,
〈Ωa,ΩI〉 = 0 ,
〈
Ωa,ΩI
〉
= 0 ,
〈ΩI ,ΩJ〉 = e−2σKIJ ,
〈
ΩI ,ΩJ
〉
= e+2σKIJ .
(6.11)
Moreover, setting Ωa = Ωa (σ, φ) and ΩI = ΩI (σ, φ) as
Ωa = e
−σ̟a (φ) , ΩI = e
−σ̟I (φ) , (6.12)
the above eqs reduce further down to
〈̟a, ̟b〉 = Kab ,
〈
̟a, ̟b
〉
= Kab ,
〈̟a, ̟I〉 = 0 ,
〈
̟a, ̟I
〉
= 0 ,
〈̟I , ̟J〉 = KIJ ,
〈
̟I , ̟J
〉
= KIJ ,
(6.13)
where now the dependence into the dilaton field σ has been completely factorized out.
Besides locality, we learn from the above fundamental relations, a set of special features;
in particular the following.
Metric tensors and potentials
First notice that because of the following symmetry properties
Ωa ∧ Ωb = Ωb ∧ Ωa ,
ΩI ∧ ΩJ = ΩJ ∧ ΩI ,
(6.14)
the local field matrices Kab and KIJ are real and symmetric
Kab = Kba , KIJ = KJI . (6.15)
These rank two tensor fields play also the role of metric tensors that can be used to rise
and lower the SO (3) and SO (19) indices as shown below:
Ωa = KabΩ
b, ΩI = KIJΩ
J . (6.16)
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Under the SO (3) gauge transformations Ω′a = U
b
aΩb, the matrix KIJ is invariant while
Kab transforms like
Kab → K ′ab = U caKcdUdb . (6.17)
Eq(6.17) shows that Kcd captures three physical degrees of freedom (a 3-vector potential
κa) since one can usually perform an appropriate SO (3) gauge transformation to put
Kab in a diagonal form
K ′ab = κaδab. (6.18)
Proposition 3
(i) The 2-form isotriplet ̟a and the matrix potential Kab (φ) are defined up to the SO (3)
gauge symmetry eq(6.17).
(ii) The geometry of the moduli space of the 11D M-theory on K3 is characterized by
a 3-vector potential (κ0, κ1, κ2). These potentials reflects the hyperKahler structure that
lives on K3. They could be thought of as the analogue of the Kahler potential of the
special Kahler geometry of type IIB superstring on Calabi-Yau threefolds.
(iii) The real 3-vector potential κa describes the ”physical” degrees of freedom captured
by the local field metric Kab (φ) defining the intersections 〈̟a, ̟b〉. SHG is then specified
by the isovector (κ0, κ1, κ2) .
Volume of K3
The SO (3) invariant real volume of K3 reads as
V (K3) = 1
3
Kab 〈Ωa,Ωb〉 . (6.19)
We can write this volume in different, but equivalent, ways:
First by using eq(6.2), we have, up on integrating over K3, the following result
V (K3) = 1
3
Kab (ϕ)XΛa (ϕ) JΛΣ (ϕ)X
Σ
b (ϕ) , (6.20)
where JΛΣ (ϕ) will be defined below and X
Λ
a (ϕ) as before.
Moreover, by using the first relation of eqs(6.11), we find that V (K3) is given by the
exponential of the dilaton field
V (K3) = e−2σ. (6.21)
Notice that V (K3) is non degenerate10 only for finite values of σ, see also footnote 5.
Furthermore, using the third relation of eqs(6.11), the volume V (K3) is also invariant
under SO (19) and can be expressed as well like,
e−2σ =
1
19
KIJ 〈ΩI ,ΩJ〉 = 1
19
KIJXΛI (ϕ) JΛΣX
Σ
J (ϕ) . (6.22)
10V (K3) = e−2σ → 0 for σ →∞ and to infinity for σ → −∞.
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Comparing eq(6.19) and eq(6.22), we end with the identity
1
19
KIJ 〈ΩI ,ΩJ〉 = 1
3
Kab 〈Ωa,Ωb〉 . (6.23)
By substituting ΩI = DaIΩ
a into the third relation of eqs(6.11), we get
KIJ = e
+2σ
〈
DaIΩ
a, DbJΩ
b
〉
,
= e+2σKacKbd
(
DaIX
Λ
c
)
JΛΣ
(
DbJX
Σ
d
)
.
(6.24)
Notice that we cannot pull out the covariant derivatives DaI and DbJ outside the inner
product
〈
DaIΩ
a, DbJΩ
b
〉
. As such the relation between the matrices KIJ and Kab is not
trivial as in SKG eqs(9.24-9.28). It will be considered later on by using the vielbeins eba
and their derivatives.
SHG using old basis
The constraint relations (6.11) have been formulated in terms of the inner product of
2-forms Ωa and ΩI . We can also rewrite these constraint eqs by using the Hodge basis
{αΛ} as follows:
〈αΛ,αΣ〉 = e−2σJΛΣ ,〈
αΛ,αΣ
〉
= e+2σJΛΣ ,〈
αΛ,α
Σ
〉
= δΣΛ ,
(6.25)
with
JΛΥJ
ΥΣ = δΣΛ, JΛΣ = JΣΛ. (6.26)
The field matrix JΛΥ can be interpreted as the metric tensor to rise and lower the indices
Λ of the SO (3, 19) vectors as
αΛ =
22∑
Υ=1
JΛΥα
Υ. (6.27)
Eqs(6.25) are invariant under the local SO (3, 19) gauge transformations,
αΛ ≡ αΣPΣΛ (ϕ) , PΥΛ (ϕ)PΣΥ (ϕ) = δΣΛ. (6.28)
Using the expansions (6.2) and their inverse, which we write as
αΛ =
3∑
a=1
ΩaT
a
Λ (ϕ) +
19∑
I=1
ΩIT
I
Λ (ϕ) , (6.29)
we can work out the relations between the field moduli XΛa (ϕ), X
Λ
I (ϕ) , T
a
Λ (ϕ) , T
I
Λ (ϕ)
and the matrices Kab, KIJ and JΛΣ.
First we have
XΛa (ϕ) JΛΣX
Σ
b (ϕ) = Kab (ϕ) ,
XΛa (ϕ) JΛΣX
Σ
J (ϕ) 0 ,
XΛI (ϕ) JΛΣX
Σ
J (ϕ) KIJ (ϕ) . .
(6.30)
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Similarly,
Kab (ϕ) T
a
Λ (ϕ)T
b
Σ (ϕ) +KIJ (ϕ) T
I
Λ (ϕ)T
J
Σ (ϕ) = JΛΣ (ϕ) . (6.31)
By integrating eq(6.29) over the 2-cycle ΨΣ, we also have
XΣa (ϕ) T
a
Λ (ϕ) +X
Σ
I (ϕ) T
I
Λ (ϕ) = δ
Σ
Λ, (6.32)
showing that the matrix
(
T aΛ, T
I
Λ
)
is just the inverse of
(
XΛa , X
Λ
I
)
.
6.1.2 Inertial coordinate frame
To get more insight into eqs(6.7-6.11-6.25-6.30) and also to make contact with the
analysis of section 2, it is useful to rewrite the above gauge invariant constraint eqs in
the inertial coordinate frame {ξ}.
Field matrix potentials
Using the vielbeins eca, e
K
I and their inverses e
a
c , e
I
K , we can rewrite the field matrices
Kab (ϕ) and KIJ (ϕ) as
Kab (ϕ) =
(
ecae
d
b
)
ηcd (ξ) , e
c
a = e
c
a (ϕ, ξ) ,
KIJ (ϕ) =
(
eKI e
L
J
)
ηKL (ξ) , e
K
I = e
K
I (ϕ, ξ) ,
(6.33)
where ηab (ξ) = +δab and ηIJ (ξ) = −δIJ .
Similar factorizations may be done for the real 2-forms Ωa and ΩI = DaIΩ
a. We have
Ωa (ϕ) = e
c
aΩc (ξ) ,
ΩI (ϕ) = e
L
I ΩL (ξ) ,
DaI = e
c
ae
L
IDcL ,
∂
∂φaI
= ecae
L
I
∂
∂ξcL
,
AaI (ϕ) = e
c
ae
L
IAcL (ξ) .
(6.34)
Using these relations, the gauge invariant constraint eqs read in the inertial coordinate
frame {ξ} as follows:
〈Ωa (ϕ, ξ) ,Ωb (σ, ξ)〉 = e−2σηab ,
〈
Ωa (σ, ξ) ,Ωb (σ, ξ)
〉
= e+2σηab ,
〈Ωa (σ, ξ) ,ΩI (σ, ξ)〉 = 0 ,
〈
Ωa (σ, ξ) ,ΩI (σ, ξ)
〉
= 0 ,
〈ΩI (σ, ξ) ,ΩJ (σ, ξ)〉 = e−2σηIJ ,
〈
ΩI (σ, ξ) ,ΩJ (σ, ξ)
〉
= e+2σηIJ .
(6.35)
Setting
Ωa = e
−σ̟a ,
ΩI = e
−σ̟I ,
(6.36)
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we can reduce the above relations down to
〈̟a (ξ) , ̟b (ξ)〉 = ηab ,
〈
̟a (ξ) , ̟b (ξ)
〉
= ηab ,
〈̟a (ξ) , ̟I (σ, ξ)〉 = 0 ,
〈
̟a (ξ) , ̟I (ξ)
〉
= 0 ,
〈̟I (ξ) , ̟J (ξ)〉 = ηIJ ,
〈
̟I (ξ) , ̟J (ξ)
〉
= ηIJ .
(6.37)
These relations are invariant under the transformations
̟a (ξ) ≡ U ba (ξ)̟b (ξ) , U ba (ξ) ∈ SO (3) ,
̟I (ξ) ≡ V JI (ξ)̟J (ξ) , V JI (ξ) ∈ SO (19) .
(6.38)
Below, we give explicit computations in the frame {ξ}.
Isopin gauge connection AaI (ξ)
The spin gauge connection on the moduli space is explicitly computed by help of the
constraint eq
〈Ωa (σ, ξ) ,ΩI (σ, ξ)〉 = 0. (6.39)
Substituting
DaIΩ
a = ∂aIΩ
a −AaIΩa, (6.40)
we first obtain
〈ΩbAaIΩa〉 = 〈Ωb∂aIΩa〉 . (6.41)
More explicit expressions can be written down by using the following SO (3) group
parametrization
U [λ (ξ)] = exp λ (ξ) ,
λ (ξ) =
∑3
m=1 Tmλ
m (ξ) ,
AaI (ξ) =
∑3
m=1 TmA
m
aI (ξ) ,
(6.42)
with λm (ξ) and Tm (T
t
m = −Tm) are respectively the gauge group parameters and the
corresponding so (3) Lie algebra generators. We have
(AaI)
a
b
=
3∑
m,a=1
AmaI (ξ) (Tm)
a
b
= 〈Ωb∂aIΩa〉 . (6.43)
Using the vielbeins, this relation can be as well expressed as follows:
(AaI)
a
b
= ecb
(
∂eac
∂ξaI
)
= −eac
(
∂ecb
∂ξaI
)
. (6.44)
We can also compute the infinitesimal variation of the gauge field AaI (ξ). We have
δAaI (ξ) = DaIλ (ξ) ,
δAmaI (ξ) = DaIλ
m (ξ) ,
(6.45)
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with
DaIλ = ∂aIλ− [AaI , λ] ,
DaIλ
m = ∂λ
m
∂ξaI
− fmnkAkaIλn ,
(6.46)
where fmnk = −fmkn are the usual so (3) structure constants.
Relation between KIJ and Kab via the vielbeins
Starting from the identity
KIJ =
〈
DaIΩ
a, DbJΩ
b
〉
, (6.47)
and substituting
DaIΩ
a = Ωc
(
DaIe
a
c
)
, (6.48)
we first get
KIJ = η
cd
(
DaIe
a
c
) (
DbJe
b
d
)
. (6.49)
By replacing ηcd = Kghecge
d
h, we can also put KIJ in the form
KIJ = K
gh
(
ecgDaIe
a
c
) (
edhDbJe
b
d
)
. (6.50)
Now using the identities
eacDaIe
c
g = −ecgDaIeac , edhDbJebd = −ebdDbJedh, (6.51)
following from the variation of 〈Ωa,Ωg〉 = δag , we can bring eq(6.50) to the form
KIJ = K
gh
(
eacDaIe
c
g
) (
ebdDbJe
d
h
)
. (6.52)
Then using
DcI = e
a
cDaI , DdI = e
b
dDbJ , (6.53)
the above relation reads as follows
KIJ = K
gh
(
DcIe
c
g
) (
DdJe
d
h
)
, (6.54)
or equivalently
KIJ = η
ab
(
egaDcIe
c
g
) (
ehbDdJe
d
h
)
(6.55)
Deriving the constraint eqs on the moduli LΛa
To get the constraint eqs in the inertial coordinate frame {ξ}, we begin by giving some
useful results
αΛ = EΥΛαΥ ,
αΛ = EΥΛαΥ ,
δΣΛ = EΥΛ EΣΥ ,
EΥΛ = EΥΛ (ϕ, ξ) ,
(6.56)
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where EΥΛ and EΥΛ are vielbeins. The metric tensor JΛΣ (ϕ) is mapped to
JΛΣ (ϕ) =
(
EΥΛ EΓΣ
)
ηΥΓ (ξ) , (6.57)
and the constraint eqs becomes〈
αΛ,αΣ
〉
= e−2σηΛΣ ,〈
αΛ,αΣ
〉
= e+2σηΛΣ ,〈
αΛ,α
Σ
〉
= δΣΛ .
(6.58)
Expanding the 2-forms ̟a (ξ) and ̟I (ξ) in the 2- form basis {αΛ} as follows,
̟a =
∑
ΛαΛL
Λ
a (ξ) ,
̟I =
∑
αΛL
Λ
I (ξ) ,
(6.59)
and integrating over the 2- cycles
{
ΨΛ
}
, we get
LΛa (ξ) =
∫
ΨΛ
̟a ,
L
Λ
I (ξ) =
∫
ΨΛ
̟I .
(6.60)
Substituting these expansions back into (6.37), we obtain
LΛa (ξ) ηΛΣL
Λ
b (ξ) = ηab ,
LΛa (ξ) ηΛΣL
Λ
I (ξ) = 0 ,
LΛI (ξ) ηΛΣL
Λ
J (ξ) = ηIJ .
(6.61)
These relations, which are invariant under SO (3)× SO (19) gauge change, are precisely
the defining constraint equations of the moduli space of metric deformations of K3.
6.2 Metric of the moduli space
We first give the expression of the metric gaIbJ in terms of the matrix potentials
Kab and KIJ . Then we give the expression of gaIbJ in terms of the vielbeins e
c
a and their
covariant derivatives.
6.2.1 Factorization of the metric gaIbJ
We begin by recalling that the complex and Kahler deformations of the metric of K3
are captured by the deformation tensor ΩcaI (5.91). In terms of this deformation tensor,
the metric gabIJ reads in the curved coordinate frame as follows
gaIbJ = γ
2∑
c,d=0
Kcd
〈
ΩcaI ,Ω
d
bJ
〉
, (6.62)
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where γ is a normalization constant number which can be chosen as γ = γ1γ2; with γ1
for the SO (3) sector and γ2 for SO (19). For simplicity, we set γ = 1.
Using the relation ΩcaI = DaIΩ
c, we can also define the metric in terms of the inner
product of the covariant derivatives of the isotriplet form like,
gaIbJ =
2∑
c,d=0
Kcd
〈
DaIΩ
c, DaIΩ
d
〉
. (6.63)
However, since in the case of 11D M-theory on K3, the deformation tensor ΩcaI has only
non zero diagonal terms (5.92),
ΩcaI = δ
c
aΩI , ΩI = DaIΩ
a, (6.64)
the metric gabIJ gets reduced down to
gaIbJ =
(
3∑
c,d=1
Kcdδ
c
aδ
d
b
)
〈ΩI ,ΩJ〉 . (6.65)
Moreover, using the identity KIJ = 〈ΩI ,ΩJ〉, we get the remarkable factorization
gaIbJ = KabKIJ . (6.66)
The metric gaIbJ of the special hyperKahler geometry of 11D M-theory on K3 is given
by the product of KIJ and Kab. In the inertial frame {ξ}, the vielbeins eca and eLI reduce
to Kroneker symbols (eca → δca, eLI → δLI ) and the metric gaIbJ → ηabηIJ .
6.2.2 Expression of gaIbJ in terms of the vielbeins
The relation (6.66) can be rewritten in different, but equivalent, manners. First, we
can use the metrics Kab and KIJ to write the metric like
gabIJ = KIJK
ab ,
gbaIJ = KIJK
b
a = KIJδ
b
a ,
gbIJa = K
IJKba = K
IJδba ,
gbJaI = K
J
I K
b
a = δ
J
I δ
b
a ,
gabJI = K
J
I K
ab = δJIK
ab ,
gJabI = K
J
I Kab = δ
J
IKab ,
gIJab = K
IJKab .
(6.67)
We can also use this relation to express KIJ (resp. Kab) in terms of g
IJ
ab and K
ab (resp.
KIJ),
KIJ = gIJabK
ab ,
Kab = g
IJ
abKIJ .
(6.68)
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In these relations, the metric gabIJ can be interpreted as the bridge from KIJ to Kab and
vice versa. Eq(6.66) tells us moreover that the vielbeins EcKaI , introduced in section 2 to
factorize the metric like
gaIbJ = E
cK
aI E
dL
bJ ηcdηKL , (6.69)
get themselves factorized as shown below,
EcKaI = e
c
ae
K
I . (6.70)
By substituting back in the previous relations, we get
gaIbJ =
(
ecae
d
bηcd
)(
eKI e
L
JηKL
)
, (6.71)
which is an equivalent way to state (6.66). Moreover using eq(6.55), we can also put the
metric in the equivalent form
gaIbJ = e
c
ae
d
b
(
DmIe
m
g
) (
DnJe
n
h
)
ηcdη
gh. (6.72)
Eqs (6.66), (6.69), (6.71) and (6.72) are obviously equivalent.
7 New attractor approach in 7D
The effective potential of the 7D black hole and black 3-brane have been considered
in section 3 by using the criticality method. In this section, we complete this study by
developing the extension of the new attractor approach to 7D space time. We recall that
new attractor approach has been first introduced by Kallosh [8] in the framework of 4
dimensional black hole physics and it is remarkably useful in dealing with fluxes.[12, 63]
7.1 Further on criticality method
The effective scalar potential Veff = Veff (ϕ) of the 7D black attractors is given by
the Weinhold relation [64, 65]. This is a gauge invariant quadratic relation (3.5) in the
dressed charges,
Za = e−σZa , a = 1, 2, 3 ,
ZI = e−σZI , I = 1, ..., 19 .
(7.1)
The charge Za and ZI are the physical charges (5.46); they appear in the supersymmetric
transformations of the gravitinos
{
ψ1µ, ψ
2
µ
}
, the gravi-photinos
{
χ1µ, χ
2
µ
}
and the photinos{
λI
}
of the 7D N = 2 supergravity theory; eqs(4.17-4.18). They induce a matrix mass
to the fermionic fields and play a crucial role in the attractor mechanism of the 7D black
objects.
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The idea of the attractor mechanism is that, at the event horizon of the 7D black objects,
the attractor potential Veff reaches its minimum and the real field moduli ϕm, which
parameterize SO(1,1)×SO(3,19)
SO(3)×SO(19) , get fixed by the magnetic (electric) bare charges p
Λ ( qΛ)
of the 22 abelian gauge fields strengths FΛ2 (dual dual GΛ5 ). The gauge invariants fields
FΛ2 and GΛ5 follow from the compactification of the 11D M- theory on K3
FΛ2 =
∫
ΨΛ
F4 ,
GΛ5 =
∫
ΨΛ
G5 ,
(7.2)
with fluxes as
pΛ =
∫
S2∞
FΛ2 ,
qΛ =
∫
S5∞
GΛ5 ,
qΛp
Σ = 2πkΛδ
Σ
Λ ,
(7.3)
where the kΛ’s are non zero integers ; kΛ ∈ N∗.
Notice that pΛ and qΛ are bare (undressed) charges; the physical ones are given by the
dressed Za and ZI which coincide exactly with magnetic
(
ma,mI
)
and physical electric(
ea, eI
)
. The latter are given by the fluxes of the (3 + 19) abelian gauge field strengths(Fa2 ,F I2 ) and (Ga5 ,GI5) of the 7D N = 2 supergravity theory. Using the relations
Ga5 = (∗Fa2 ) ,
GI5 =
(
∗F I2
)
,
GΛ5 =
(
∗FΛ2
)
,
(7.4)
we have,
ma =
∫
S2∞
Fa2 , mI =
∫
S2∞
F I2 ,
ea =
∫
S5∞
Ga5 , eI =
∫
S2∞
GI5 ,
(7.5)
obeying the electric/magnetic quantization condition
maeb = 2πkaδ
a
b ,
mIeJ = 2πkIδ
I
J ,
(7.6)
where the ka’s and the kI ’s are non zero integers.
Recall that the relation between
(Fa2 ,F I2 ) and FΛ2 (resp. Ga5 , GI5 and GΛ5 ) are related as
follows,
Fa2 =
22∑
Λ=1
XaΛ (ϕ)FΛ2 , Ga5 =
22∑
Λ=1
X˜aΛ (ϕ)GΛ5 ,
F I2 =
22∑
Λ=1
XIΛ (ϕ)FΛ2 , GI5 =
22∑
Λ=1
X˜IΛ (ϕ)GΛ5 ,
(7.7)
where XaΛ (ϕ) and X
I
Λ (ϕ) (resp X˜
a
Λ and X˜
I
Λ ) are as in eqs(-6.32).
The attractor equations of the 7D black attractors can be obtained by extremizing the
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effective potential Veff . This potential has a set of symmetries; in particular it is invariant
under general coordinate transformations ϕm → ξm (ϕ) in the moduli space SO(3,19)
SO(3)×SO(19)
.
Under the coordinate change ,
σ → ζ0 = ζ0 (σ, φ) ,
φaI → ζaI = ξaI (σ, φ) , (7.8)
with the convenient choice ζ0 = σ, we have
Veff (ϕ) = Veff (ζ) . (7.9)
The attractor eqs can be stated in two different, but equivalent, ways. Either in the
generic curved coordinate frame {ϕ} as
∂Veff (σ,φ)
∂σ
= 0 ,
∂Veff (σ,φ)
∂φaI
= 0 ,
(7.10)
or in the inertial coordinate frame {σ, ξ} like,
∂Veff (σ,ξ)
∂σ
= 0 ,
eba × eJI × ∂Veff (ξ)∂ξbJ = 0 .
(7.11)
For non singular eba (ϕ, ξ) and e
J
I (ϕ, ξ), the last relation can be reduced down to
∂Veff (ξ)
∂ξbJ
= 0. (7.12)
Leaving aside the condition11 ∂Veff/∂σ = 0, (see also footnotes 3,5 and 10 ), the solutions
of eqs (7.12) fix the field moduli in terms of the bare charges pΛ. For the case of the 7D
black hole, we have:
(ϕ)horizon = f (pa, pI) , (7.13)
or equivalently in the inertial coordinate frame {ξ} like
(ξ)horizon = g (pa, pI) . (7.14)
(1) Potential in the inertial frame
In the inertial coordinates frame {ξ}, the 7D black hole potential V7D,N=2BH (σ, ξ) has a
simple expression in terms of the geometric and matter charges Za (ξ) and ZI (ξ) and
can be factorized as follows,
V7D,N=2BH (σ, ξ) = e−2σVBH (ξ) , (7.15)
11Notice that
∂Veff (σ,ξ)
∂σ
= 0 requires −2e−2σVBH (ξ) = 0 which is solved either by σ → ∞ whatever
VBH (ξ) is; or by σ = σ0 finite and VBH (ξ) = 0. These two cases are singular and so disregarded; see
also footnotes 1 and 5.
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with
VBH (ξ) =
∑
a,b
δabZa (ξ)Zb (ξ) +
∑
I,J
δIJZI (ξ)ZJ (ξ) . (7.16)
Since δab = ηab and δIJ = −ηIJ , we also have
VBH (ξ) =
∑
a,b
ηabZa (ξ)Zb (ξ)−
∑
I,J
ηIJZI (ξ)ZJ (ξ) . (7.17)
Using the identity ZI = DcIZ
c where DcI is the covariant derivative in the inertial
coordinate frame, we can rewrite the black hole potential like
V7D,N=2BH = e−2σ
∑
a,b
δabZaZb +
∑
I,J
δIJDcIZ
cDdJZ
d
 . (7.18)
The criticality conditions of eq(7.12) has been studied in section 3; see eqs(3.58-3.80).
There, it was shown the existence of three non trivial sectors: One of them describes a
1
2
BPS state and the two others describe non BPS states referred to as type 1 and type
2. Below, we give a classification of these states by using the sign the semi-norm
p2 =
(
paδ
abpb − pIδIJpJ
)
(7.19)
of the bare charge vector pΛ.
Notice that because of the SO (3)×SO (19) isotropy symmetry, we can usually perform
a particular special transformations to simplify the above relations. Instead of dealing
with the 3 + 19 magnetic charges pa and pI , one can focus on two of them,
(p1, p2, p3) → (r, 0, 0) ,
(p1, ..., p19) → (s, 0, ..., 0) .
(7.20)
The SO (3)× SO (19) invariance ensures that the results obtained by using the charges
r and s are also valid for all others.
Besides the singular state associated with p2 = 0 and the degenerate case where the
dressed charges are equal zero, Za = 0 et ZI = 0, we the following classification according
to the values of the couple (r, s):
(a) 1
2
BPS state with (r, s) = (r, 0); rs = 0.
This state has p2 > 0 and corresponds to Za 6= 0 et ZI = 0. Entropy SentropyBPS is
proportional to p2,
Sentropy
BPS
∼ +p2. (7.21)
(b) non BPS state type 1 with (r, s) = (0, s); rs = 0.
This non supersymmetric state has p2 < 0 and corresponds to Za = 0 and ZI 6= 0.
Entropy Sentropy(NBPS)1 is proportional to (−p
2);
Sentropy(NBPS)1 ∼ −p
2. (7.22)
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(c) non BPS state type 2 with (r, s) and rs 6= 0.
This non supersymmetric state is characterized by p2 which has an indefinite sign. It
corresponds to,
Za 6= 0 a ∈ J ⊂ I3 = {1, 2, 3} ,
Za = 0 a ∈ (I3/J ) ,
ZI 6= 0 I ∈ J ′ ⊂ I19 = {1, ..., 19} ,
ZI 6= 0 I ∈ (I19/J ′) .
(7.23)
The entropy Sentropy(NBPS)2 is proportional to |p
2|.
(2) Potential in curved coordinate frame
To get the form of the potential in the curved coordinate frame, we use the vielbeins eca
and eKI to rewrite Za and ZI as
Za = e
c
aYc ,
ZI = e
K
I YK = e
K
I DcKY c ,
(7.24)
where Yc = Yc (ϕ) and YK = YK (ϕ) are the dressed charges in the curved frame. By
putting these relations back into V7D,N=2BH , we obtain V7D,N=2BH = e−2σVBH (φ) with
VBH (φ) = δabecaedbYcYd + δIJeKI eLJ (DcKY c)
(DdKY d) . (7.25)
Now, using the identities
Kcd = +δabecae
d
b ,
KKL = −δIJeKI eLJ ,
= +δab
(
egaDcIecg
) (
ehbDdJedh
)
,
(7.26)
we can rewrite the black hole potential as follows:
VBH (φ) = KcdYcYd −KKL (DcKY c)
(DdKY d) . (7.27)
Furthermore, using the relation
KKL =
1
3
KcdgKLcd , (7.28)
where gKLcd is the metric of the moduli space, we end with the following form of the
potential
VBH (φ) =
3∑
a,b=1
Kab
(
YaYb − 1
3
19∑
I,J=1
gKLab (DcKY c)
(DdKY d)
)
. (7.29)
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Notice that relaxing the the sums
∑3
a,b=1 and
∑19
I,J=1 respectively as
∑r
a,b=1 and
∑n
I,J=1
where r and n are positive definite integers, the above equation appears as a particular
relation of a general relation associated with the target space manifold
SO (r, n)
SO (r)× SO (n) . (7.30)
However the above geometric interpretation cease to be valid since Kab and KIJ can no
longer be defined as intersection matrices and are not necessary symmetric. Nevertheless,
it is interesting to note that for the case r = 2 (resp r = 4), eq(7.29) could be related to
the usual expression of the black hole potential in 4D (resp. 6D) N = 2 supergravity.
7.2 7D attractor eqs
We begin by recalling that in 4D N = 2 supergravity embedded in type IIB su-
perstrings on CY3, one generally uses two different, but equivalent, approaches [63] to
determining the black hole attractor eqs. These two methods are:
(1) the critically conditions approach based on computing the critical points of the black
hole potential δV4D,N=2BH = 0.
(2) the so called new attractor approach using projections along the ”geometric” and
”matter” directions of the Dalbeault basis of the third cohomology of the CY3.
The first method has been systematically used to deal with black objects in higher di-
mensional supergravity theories; in particular in the 5D and 6D space times.
In 7D N = 2 supergravity we are interested in here, assuming non degeneracy condition,(
V7D,N=2BH
)
|
∂VBH=0
> 0, (7.31)
the critically conditions of the black hole potential reads as
δV7D,N=2BH = 2δab (δZa)Zb + 2δIJZJδ (ZI) = 0 ,
δZa =
(
∂Za
∂σ
)
δσ +
(
∂Za
∂φcI
)
δφcI = 0 ,
δZI =
(
∂ZI
∂σ
)
δσ +
(
∂ZI
∂φcI
)
δφcI = 0 ,
(7.32)
and leads to the critical solutions (3.64-3.80) studied in section 3 and previous subsection.
Below, we develop the new attractor approach of Kallosh to the 7D black attractors.
7.2.1 Extending the new attractor approach to 7D
Here, we study the attractor eqs for the extremal 7D black hole in the framework of
the new attractor approach. The latter is given by extending the idea of [8] dealing with
black holes in type IIB on CY3-folds to the case of black attractors in 11D M-theory on
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K3.
The attractor eqs are obtained by evaluating the Hodge decomposition identity (5.47)
along the constraint eqs determining the various classes of critical points (3.64-3.80) of
the potential. To get these eqs, we proceed as follows:
First, we consider from the field strength F4 = dC3 in 11D M-theory compactified on
K3 and compute its fluxes as in eq(3.1) namely,
pΛ =
∫
S2∞×Ψ
Λ F4 , (7.33)
where pΛ are integers. This relation can be decomposed in two equivalent ways; either
as
pΛ =
∫
S2∞
(∫
ΨΛ
F4
)
=
∫
S2∞
FΛ2 , (7.34)
or like
pΛ =
∫
ΨΛ
(∫
S2∞
F4
)
≡ ∫
ΨΛ
H2 , (7.35)
where we have set
FΛ2 =
∫
ΨΛ
F4 ,
H2 =
∫
S2∞
F4 .
(7.36)
Since H2 ∈ H2 (K3, R), we also have the decomposition with respect to the basis αΛ,
H2 =
22∑
Λ=1
pΛαΛ, p
Λ =
∫
S2∞
FΛ2 . (7.37)
The next step is to Hodge decompose the real gauge invariant 2- form field strength H2
on the {Ωa,ΩI} 2-form basis as
H2 =
∑
HaΩa +
∑
HIΩI , (7.38)
or equivalently like,
H2 = ςKab
(∫
K3
H2 ∧ Ωa
)
Ωb + κK
IJ
(∫
K3
H2 ∧ ΩI
)
ΩJ , (7.39)
where ς and κ are numbers which will be determined below.
Putting H2 =
∑22
Λ=1 p
ΛαΛ back into the right hand side of the above relation and using
the following expressions,
XΛa =
∫
K3
αΛ ∧ Ωa ,
XΛI =
∫
K3
αΛ ∧ ΩI ,
(7.40)
we can rewrite H2 like,
H2 = ςKab
(∑
Λ
pΛX
Λ
a
)
Ωb + κK
IJ
(∑
Λ
pΛX
Λ
I
)
ΩJ . (7.41)
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The coefficients ς and κ can be determined by computing∫
K3
H2 ∧ Ωa ,
∫
K3
H2 ∧ ΩI , (7.42)
in two ways and compare the results. On one hand, we have∫
K3
H2 ∧ Ωc =
∑
Λ
pΛX
Λ
c ,∫
K3
F2 ∧ ΩL =
∑
Λ
pΛX
Λ
L ,
(7.43)
and on the other hand∫
K3
H2 ∧ Ωc = ςe−2σ
∑
Λ
pΛX
Λ
c ,∫
K3
H2 ∧ ΩL = κe−2σ
∑
Λ
pΛX
Λ
L .
(7.44)
The identification of the two relations give,
ς = κ = e2σ. (7.45)
Now using the dressed charges
Ya =
∫
K3
H2 ∧ Ωa =
∑
Λ
pΛX
Λ
a ,
YI =
∫
K3
H2 ∧ ΩI =
∑
Λ
pΛX
Λ
I ,
(7.46)
with YI = K
abDaIYb, we can put the Hodge decomposition into the real 2-form as follows,
H2 = e2σKabYaΩb + e2σKIJYIΩJ . (7.47)
Finally, integrating both sides of (7.47) over the
{
ΨΛ
}
basis, we get the 7D black hole
attractor eqs
pΛ = KabYaX
Λ
b +K
IJYIX
Λ
J . (7.48)
Notice that this equation can be put in other forms as given below.
First by substituting Kab = eace
b
dη
cd, KIJ = eIKe
J
Lη
KL and using Zc = e
a
cYa, ZK = e
I
KYI ,
eq(7.48) becomes
pΛ = ηcdZcL
Λ
d + η
KLZKL
Λ
L, (7.49)
where
(
L
Λ
d , L
Λ
L
)
are as in eq(7.49).
Second, multiplying eq(7.49) pΛ and summing over Λ, we rediscover the relations (3.34,3.36)
that we have used in section 3,
p2 = ηabZaZb + η
IJZIZJ , (7.50)
with p2 = pΛp
Λ.
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7.2.2 Solving the attractor eqs
Here we evaluate the fundamental SHG identities along the constraints determining
the various classes of critical points of the black hole (black 3-brane) potential in the
moduli space. We show that the supersymmetry breaking at the horizon of the static,
spherically symmetric extremal black hole (3-brane) solution, can be traced back to the
non-vanishing intersections between the field strength H2 and the components of the
basis {ΩaΩI}. We have:
(1) Supersymmetric 1
2
BPS
This supersymmetric 7D attractor corresponds to the critical point Za 6= (0, 0, 0) and ZI =
(0, ..., 0). Putting ZI = 0 ∀ I ∈ I = {1, ..., 19} back in eq(7.47), we find that the real
2- form H2 of M-theory on K3 has vanishing components along the second cohomologies
H(1,1) (K3) generated by ΩI = DaIΩa. As such the 2- form (H2) 1
2
BPS reduces down to,
(H2) 1
2
BPS =
(
e2σKabYaΩb
)
1
2
BPS
,
=
(
e2σηcdZcΩd
)
1
2
BPS
.
(7.51)
The BPS non degeneracy condition (Za) 1
2
BPS
6= 0 corresponds therefore to a condition
of non orthogonality between H2 and Ωa,∫
K3
H2 ∧ Ωa 6= 0 , at least for one of the a’s ,∫
K3
H2 ∧ ΩI = 0 , ∀ I = 1, . . . , 19 .
(7.52)
(2) Non BPS type 1
This non supersymmetric attractor corresponds to the critical point Za = (0, 0, 0); but
ZI 6= (0, ..., 0).
The real flux 2-form H2 of M-theory on K3 has non zero components along ΩI ; but no
component along Ωa,∫
K3
H2 ∧ Ωa = 0 , ∀ a = 1, 2, 3, ,∫
K3
H2 ∧ ΩI 6= 0 , at least for one of the I’s .
(7.53)
Then, we have
(H2)(NBPS)1 =
(
e2σKIJYIΩJ
)
(NBPS)1
,
=
(
e2σηIJZIΩJ
)
(NBPS)1
.
(7.54)
(3) Non BPS type 2
This is a non supersymmetric attractor corresponding to the critical point Za 6= (0, 0, 0)
and ZI 6= (0, ..., 0).
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The real flux 2-form H2 of M-theory on K3 has at least one non zero component along
Ωa and at least one non zero component along ΩI ,∫
K3
H2 ∧ Ωa = 0 , at least for one of the a’s ,∫
K3
H2 ∧ ΩI 6= 0 , at least for one of the I’s .
(7.55)
8 Conclusion and discussion
In this paper we have studied the extremal BPS and non BPS black attractors in the
seven dimensional N = 2 supergravity embedded in 11D M- theory on K3. The attractor
eqs and their solutions have been treated by using both the criticality condition of the
attractor potential (black hole and the dual black 3-brane) as well as by extending the
4D attractor approach of Kallosh to N = 2 supergravity in 7D space time.
After having given some useful tools on ways to deal with the moduli space of the
theory,
MN=27D =
SO (1, 1)× SO (3, 19)
SO (3)× SO (19) , (8.1)
we have described the brane realizations of the 7D black objects in terms of M2 and
M5 branes wrapping 2-cycles of K3. Then, we have studied explicitly the corresponding
attractor mechanism: First, by using the critically condition method, in both inertial
and curved frames {ξm (x)} and {ϕm (x)} of the moduli space (sections 3 and 7). Second,
by extending the so called ”new attractor approach” of Kallosh (section 7).
Moreover, using specific properties of the quantum numbers of the fields of the 7D
theory, we have derived the 2-form basis eq(5.1) for the second real cohomology of K3,
{Ωa,ΩI}a=1,2,3I=1,...,19 . (8.2)
This basis, refereed to as the new basis of H2 (K3, R), exhibits manifestly the SO (3)×
SO (19) isotropy symmetry of the moduli space and plays an important role in the study
the underlying special hyperKahler geometry of 11D M-theory on K3. The new basis,
which could be also motivated by using properties of the Picard group of complex curves
in K3 [67, 68], has been derived here from the two following physical arguments:
(i) the 7D N = 2 supergravity field theory has two kinds of irreducible supersymmetric
fields representations, namely the supergravity multiplet GN=27D eq(4.17) and the Maxwell-
matter supermultiplet VN=27D eq(4.18). Each one of these two representations contains its
own abelian Maxwell gauge fields: GN=27D has three 7D space time gauge fields
Aaµ (x) , a = 1, 2, 3, (8.3)
while the gauge-matter sector with the set
{(VN=27D )I} has nineteen
AIµ (x) , I = 1, ..., 19, (8.4)
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constituting altogether the twenty two gauge fields of the underlying U22 (1) gauge in-
variance. This splitting allows to classify the field strengths of the 7D supergravity
theory into two kinds namely Faµν and F Iµν ; and leads then to two types of physical
gauge invariant (magnetic) charges
ma =
(∫
S2
Fa
)
, mI =
(∫
S2
Fa
)
. (8.5)
These magnetic black hole charges are precisely the dressed charges Za and ZI of the
extended brane version of the 7D N = 2 superalgebra [64, 69, 70, 72, 73].
(ii) the compactification of 11D M- theory on K3, together with the Calabi-Yau condition
preventing 1-cycles, lead to the possibility to combine both the Kahler moduli
tI ≡ z0I
and the complex deformations (
zI , zI
) ≡ (z+I , z−I)
of the metric of K3 into nineteen isotriplets
ξaI =
(
z0I , z+I , z−I
)
, I = 1, ..., 19, (8.6)
which are nothing but the fifty seven scalars of the nineteen Maxwell-matter gauge
multiplets of the gauge sector of the supergravity theory. This combination is a very
special property of the K3 surface; which reflects in some sense its hyperKahler nature;
it has no analogue in higher dimensional Calabi-Yau manifolds.
Furthermore, using the new basis {Ωa,ΩI} of H2 (K3, R) and the deformation ten-
sor ΩbaI eqs(5.91-5.92) of the metric of K3 as well as the symmetric inner product
〈F,G〉 = ∫
K3
F ∧ G, we have derived the fundamental relations (1.5-1.6) of the SHG
geometry of the moduli space SO(1,1)×SO(3,19)
SO(3)SO(19)
; see also eqs(6.11-6.13).
By decomposing Ωa and ΩI with respect to the standard (old) basis Hodge ofH
2 (K3, R),
{αΛ}Λ=1,...,22 (8.7)
we recover all usual constraint eqs of the 7D theory given in [64]; especially the canon-
ical coordinates eqs(2.53-2.55), the dressed charges eqs(5.43-5.46) and the constraint
eqs(6.30-6.32) described in section 2.
It is remarkable that the physical field strength Faµν of the gravity multiplet and the
field strength F Iµν of the Maxwell-matter multiplet are given by the linear combinations
(5.25-5.29),
Faµν =
22∑
Λ=1
LaΛFΛµν , F Iµν =
22∑
Λ=1
LIΛFΛµν , (8.8)
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where FΛµν is the compactified 4-form of the 11D M-theory on the 2-cycles basis ΨΛ ∈
H2 (K3, R)
FΛ2 =
∫
ΨΛ
F4 ,
∫
ΨΛ
αΣ = δ
Λ
Σ. (8.9)
The decomposition coefficients L∆Σ =
(
L∆a , L
∆
I
)
are given by∫
ΨΛ
Ωa = L
∆
a ,
∫
ΨΛ
ΩI = L
∆
I , (8.10)
and form precisely the SO (3, 19) orthogonal field matrix L
∆
Σ considered in section 2,
eqs(2.31-2.32).
With the {Ωa,ΩI} basis at hand, we have also extended the Kallosh attractor ap-
proach to the case of 7D N = 2 supergravity. Then we have used this ”extended new
approach” to rederive the 7D black hole (7D black 3-brane) attractor eqs(7.47-7.49) and
their solutions (7.51-7.55) which have been also classified in terms of the sign of p2; see
eqs(7.19-7.23).
In the end, we would like to add that the compactification of the 7D N = 2 su-
pergravity theory on a circle leads to 6D N = 2 non chiral supergravity. This is also
equivalent to compactifying 10D type IIA superstring on K3 [54] or the heterotic string
on the 3-torus. Then, one can think about the analysis given in this paper as the up-
lifting of 6D N = 2 supergravity theory to the 7D; in analogy with the uplifting of 4D
N = 2 supergravity theory to the 5D with real cubic prepotential [74, 75, 76, 50].
This property allows us to ask whether results concerning 4D/5D correspondence with
cubic prepotential could be generalized to the 6D/7D case where we have a quadratic
prepotential. Below, we give an heuristic exploration of this issue.
8.1 6D/7D correspondence
An interesting field theoretical way to study the link between the 6D/7D BPS and non
BPS attractors is to follow the analysis of Ceresole, Ferrara and Marrani (CFM) [74]
concerning the 4D/5D correspondence and explore how it could be extended to get the
6D/7D correspondence for the black attractor potentials and their critical points.
In the CFM field theory set up, the extension
4D/5D correspondence → 6D/7D correspondence , (8.11)
could, a` priori, be done by first working out a dictionary regarding the links between the
moduli spaces of the 4D, 5D, 6D and 7D supergravity theories.
Second, determine the various effective potentials from which we may read the critical
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points and their relations.
(1) Dictionary
A first step in the way to 6D/7D correspondence can be made by working out the relation
between the geometries of the underlying moduli spaces of 4D (resp. 5D) and 6D (resp.
7D) N = 2 supergravity theories. We have the following picture,
4D: SK Geometry ←→ 6D: SQ Geometry
l l
5D: SR Geometry ←→ 7D: SH Geometry
(8.12)
where SQG and and SHG stands for special quaternionic and special hyperkahler geome-
tries respectively.
Much about the 4D/5D ↔ 6D/7D dictionary can be also learnt from the isotropy sym-
metries of the underlying N = 2 supergravity theories and from the way the fields have
been generated from the 10D superstrings and M-theory compactifications. In the type
IIA set up, we have
10D Type IIA/CY3 ←→ 10D Type IIA/K3
↓ ↓
Uplift to 5D ←→ Uplift to 7D
(8.13)
These correspondences can be translated in the language of 2-forms on the corresponding
moduli space as follows
BNS + iJ ←→ BNS + σaΩa
l l
J ←→ Ωa
(8.14)
Here BNS + iJ is the complexified Kahler form with BNS standing for the NS-NS B-field
of type II superstrings and give axions χi up on integration over the 2-cycles C i2 of the
compact spaces,
χi =
∫
Ci2
BNS. (8.15)
Notice by the way that the table (8.13) can be also stated by starting from 11D M-theory
on CY3 and on K3; then compactifying on a circle.
down lift to 4D ←→ down lift to 6D
↑ ↑
M-theory on CY3 ←→ M-theory on K3
(8.16)
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Using results of [74] and the analysis given in [54]; although more explicit and han-
dleable expressions are still needed, we learnt that the CFM method could be applied
to the 6D/7D case provided we can have the explicit expressions of the potentials in the
special coordinate.
(2) Potentials
With the relations (8.12-8.15) in mind, the second step to 6D/7D correspondence is
to mimic the CFM analysis of ref.[74]. There, the 5D black hole potential V5D,N=2BH is
determined by using the known expression of V4D,N=2BH and putting constraints on the
axions χi (8.15) and the volume of the CY3.
The extension of the CFM field theoretical method towards a 6D/7D correspondence can
be done in a similar manner. For this purpose, we need to know the effective potential
of 6D black attractors V6D,N=2BH in the special quaternionic coordinates on which we put
constraints on the axions χi (mainly χi → 0, i = 1, ...22) and on the volume of K3. In the
language of the moduli space group symmetries, the uplifting from 6D to 7D corresponds
to the symmetry breaking
SO (4, 20) → SO (3, 19) ,
SO (4) → SO (3) ,
SO (20) → SO (19) .
(8.17)
At the level of the scalar field manifolds, the 6D→7D uplifting is accompanied by the
breaking SO(4,20)
SO(4)×SO(20) → SO(3,19)SO(3)×SO(19) reducing the dimension from real 80 dimension
down to the real dimension 57 sub-manifold. This reduction corresponds then to fixing
23 real moduli and these are precisely given by the constraints on the axions, χi → 0,
i = 1, ...22; and by fixing the volume of K3.
However, the knowledge of the explicit expression V6D,N=2BH in the special quaternionic
coordinates is some how problematic; since it requires the knowledge of the explicit
expression of the quaternionic metric Gquaternionmn of the moduli space
12 of 6D N = 2
supergravity,
MN=26D = SO (1, 1)×
SO (4, 20)
SO (4)× SO (20) . (8.18)
To our knowledge, the explicit expression of Gquaternionmn is still missing although it is
suspected to be a real 80 dimensional generalization of the Taub-NUT metric of 4D
Euclidean gravity. Thought lengthy and technical, the explicit expression of Gquaternionmn
could be however derived by using harmonic superspace method [77]-[80]. The explicit
expression of Gquaternionmn will be considered in a future occasion.
12the dilaton σ, captured by the SO (1, 1) subgroup factor, is freezed in (8.18)
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Nevertheless, partial results can be still given by using the Weinhold potential (3.5) and
the constrained matrix representation of sub-section 2.2. The 7D black hole potential
V7D,N=2BH can be put in a form quite similar to the V5D,N=2BH corresponding one. Up
on solving underlying constraints, V7D,N=2BH can be expressed in terms of the special
coordinates ξaI eq(5.42) and the magnetic bare charges pa and pI .
To see how this can be done, we start from V7D,N=2BH in terms of the dressed central
charges Za and ZI eq(3.5). Then, we put this potential in the quadratic form,
V7D,N=2BH =
1
2
(Mabpapb +MaJpapJ +MIbpIpa +MIJpIpJ) , (8.19)
or equivalently like
V7D,N=2BH =
1
2
(
pa, pI
)( Mab MaJ
MIb MIJ
)(
pb
pJ
)
, (8.20)
where the 22× 22 matrix MΛΣ is given by
MΛΣ = 2
(
3∑
c,d=1
LcΛδcdLdΣ
)
+ 2
(
19∑
K,L=1
LKΛ δKLLLΣ
)
, (8.21)
with LcΛ and LKΛ as in eqs(3.10).
Next, using the constraint eq(2.55), we can also rewrite the matrix MΛΣ as,
MΛΣ = 2e−2σ
[
ηΛΣ + 2
(
19∑
I,J=1
LIΛδIJL
J
Σ
)]
, (8.22)
where the dependence into the dilaton has been factorized. This expression can be
simplified further by replacing LIΛ as in eq(2.54,5.42), which we rewrite as follows,
L
Σ
Λ =
 √3+ξ23 δba √19+ξ219 ξJa√
3+ξ2
3
ξbI
√
19+ξ2
19
δJI
 , (8.23)
where ξbI =
(
ξIb
)t
= ηIJη
abξJa and ξ
2 =
∑
ξIaξ
a
I =
∑
ξaIξaI .
Putting these relations back into (8.22), we get the explicit expression of the black hole
potential in terms of the special coordinates ξ.
The next step is to do the same thing for the potential of the 6D black hole V6D,N=2BH .
Then, try to figure out the 6D/7D correspondence by following the method of Ceresole,
Ferrara and Marrani. Progress in this direction will be reported elsewhere.
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9 Appendix
In this appendix, we describe some useful relations regarding SKG in curved and the
inertial frames. These relations complete the analysis of sub-section 5.1 and allows to
make formal analogies with the analysis given in section 6 regarding the fundamental
relations of SHG.
4D N = 2 supergravity has been extensively studied in literature, it can be realized as
the effective field theory of 10D superstring II on Calabi-Yau threefolds. We first re-
view the fundamentals of the SKG geometry underlying its scalar manifoldMN=24D , with
dimCM
N=2
4D = n in curved frame. Then, we consider the same relations; but now in the
inertial frame set up.
(1) SKG in curved frame
To fix the ideas, consider 10D superstring13 IIB on Calabi-Yau threefolds and let (z+i, z−i)i=1,...,n
be the local (special) coordinates of theMN=24D with n being the number of abelian vec-
tor supermultiplets that couple the supergravity multiplet. The metric gij of this Kahler
manifold which, for convenience, we rewrite it as g−i+j, is given by.
g−i+j = ∂−i∂+jK ,
∂∓i =
∂
∂z±i
,
(z+i) = z−i .
(9.1)
In this relation, K = K (z+, z−) is the Kahler potential with the usual gauge transfor-
mation
K → K + f (z+)+ f (z−) , (9.2)
where f (z+) is an arbitrary holomorphic function. The abelian gauge transformation
(9.2) leaves the metric g−i+j invariant since the variation ∂−i∂+jf (z
+) = 0.
Let also
Hodge: αΛ , β
Λ , Λ = 0, ..., n ,
Dalbeault: Ω+ , Ω−i+ , Ω− , Ω+i− , i = 1, ..., n ,
(9.3)
be respectively the Hodge and Dalbeault basis of 3-forms of H3 (CY 3) with
Ω− = (Ω+) ,
Ω+i− = (Ω−i+) ,
n = h2,1 (CY 3) ,
(9.4)
13In type IIA set up, the complex variables zi are given by the moduli of the complexified Kahler 2-
form BNS + iJ over the the 2- cycles Ci2 of H2 (CY 3).
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and
{
AΛ, BΛ
}
being the usual symplectic basis of real 3-cycles given by eqs(5.17).
Since both Hodge and Dalbeault 3-forms are two independent basises of the third real
cohomology of CY3, we have the following relation
Ω± = αΛX
Λ
± − βΛFΛ± ,
Ω−i+ = αΛX
Λ
−i+ − βΛFΛ−i+ ,
Ω+i− = αΛX
Λ
+i− − βΛFΛ+i− ,
(9.5)
with
XΛ± =
∫
AΛ
Ω± , FΛ± =
∫
BΛ
Ω± ,
XΛ−i+ =
∫
AΛ
Ω−i+ , FΛ−i+ =
∫
BΛ
Ω−i+ ,
XΛ+i− =
∫
AΛ
Ω+i− , FΛ+i− =
∫
BΛ
Ω+i− ,
(9.6)
and
XΛ+ = X
Λ
+ (z
+) , XΛ− = X
Λ
− (z
−) ,
FΛ+ = FΛ+ (z
+) , FΛ− = FΛ− (z
−) ,
(9.7)
Using these 3-forms, we can define the fundamental relations of the SKG in curved frame:
(a) the Kahler potential
It is defined by computing the volume (3, 3)- form on the moduli space and reads as∫
CY 3
Ω+ ∧ Ω− = ie−K ,∫
CY 3
Ω+ ∧ Ω+ = 0 ,∫
CY 3
Ω− ∧ Ω− = 0 ,
(9.8)
where K is the Kahler potential. The number i is required by the reality condition and
antisymmetry Ω+ ∧ Ω− = −Ω− ∧ Ω+.
Notice that setting
z±j = xj ± iyj ,
∂±j =
∂
2∂xj
∓ i ∂
2∂yj
,
Ω± = Ω1 ∓ iΩ2 ,
(9.9)
we have
∂+jΩ− + ∂+jΩ− =
∂Ω1
∂xj
+ ∂Ω2
∂yj
. (9.10)
To make contact with our analysis concerning the SHG analysis we have given in section
6, it is convenient to set
Ωa = (Ω+,Ω−) , Ω− = (Ω+), (9.11)
and rewrite the above relations collectively as follows∫
CY 3
Ωa ∧ Ωb = −iKab ,
= ie−Kεab ,
ε−+ = ε
+− = −ε−+ = −ε+− = 1 ,
(9.12)
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with Kab = −Kba and εab = −εba. The relation Kab = e−Kεab can be derived by solving
the orthogonality constraint eqs to be given below.
Kahler transformations (9.2) correspond to the following local change
Ω+ (z
+) → ef(z+)Ω+ (z) ,
Ω− (z
−) → ef(z−)Ω− (z−) .
(9.13)
Similar transformations are valid for the field moduli eqs(9.7); they define the usual ho-
mogeneous coordinates transformation that fix the component X0+ to one.
(b) the metric
Before giving the expression of the metric, it is useful to notice the three following
properties:
(i) deformation tensor: Ωaib
The holomorphy of the (3, 0)-form Ω+ and the antiholomorphy of (0, 3)- form Ω− imply
the constraint relations
∂+iΩ+ = 0 , ∂−iΩ− = 0. (9.14)
These relations show that the set Ω−i+ and Ω+i− can be enlarged by implementing the
trivial objects,
Ω+i+ ≡ ∂+iΩ+ , Ω−i− ≡ ∂−iΩ−. (9.15)
Generally speaking, we may consider the largest set
Ω+ , Ωai+ = Ω±i+ ,
Ω− , Ωai− = Ω±i− ,
(9.16)
which can put be altogether like
Ωb , Ωaib a, b = ±, i = 1, ..., n , (9.17)
where Ωaib can be interpreted as the deformation tensor. Clearly Ωaib 6= 0 for only form
a+ b = 0 since no (4, 0)- nor (0, 4)- forms can live on CY3.
(ii) gauge fields: Cai
The (2, 1)- forms Ω−i+ and their complex conjugate Ω+i− generate covariant complex
deformations. They are defined as the covariant derivatives of Ω+ and Ω− as shown
below,
Ω−i+ = D−iΩ+ = (∂−i + C−i) Ω+ ,
Ω+i− = D+iΩ− = (∂+i + C+i) Ω− ,
(9.18)
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where C±i are gauge fields associated with the Kahler transformations. The abelian
gauge fields C±i read in term of the Kahler potential K and
C±i = ∂±iK , C+i = (C−i), (9.19)
and transform as
C−i → C−i + ∂−if ,
C+i → C+i + ∂+if ,
(9.20)
and are used to ensure the covariance
Ω−i+ → ef(z+)Ω−i+ ,
Ω+i− → ef(z−)Ω+i− ,
(9.21)
and can be extended to Ωai+ and Ωai−with a = ±.
(iii) orthogonality relations
Because Ωa and Ωaib come in various (p, q)- forms, we distinguish several orthogonality
relations; in particular ∫
CY 3
Ωa ∧ Ωbjc = 0 , a, b, c = ± , (9.22)
and due tothe identity Ω+j+ = 0 = Ω−i−,∫
CY 3
Ω−ib ∧ Ω+j+ = 0 , b = ± ,∫
CY 3
Ω−i− ∧ Ω+jb = 0 , b = ± .
(9.23)
What remains is precisely the intersection regarding complex deformations Ω−i+ and
their conjugates Ω+j− which we write as follows:∫
CY 3
Ω−i+ ∧ Ω+j− = −iG−i+,+j− . (9.24)
A way to get the expression of G−i+,+j− in terms of the Kahler potential is to start from
eq(9.8) and compute the second derivatives by using holomorphy properties. We have∫
CY 3
∂−iΩ+ ∧ ∂+jΩ− = −ie−K (∂−i∂+jK − ∂−iK∂+jK) , (9.25)
which can be also put in the form(∫
CY 3
∂−iΩ+ ∧ ∂+jΩ−
)
+ C−iC+j
(∫
CY 3
Ω+ ∧ Ω−
)
= −ie−K (∂−i∂+jK) . (9.26)
where we have used the identities C±i = ∂±iK. But the right hand side of above relation
is precisely
∫
CY 3
D−iΩ+ ∧D+jΩ−. So we have
G−i+,+j− = e
−K (∂−i∂+jK) = e−Kg−i+j. (9.27)
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This relation can put in various equivalent form; in particular like
G−i+,+j− = e
−Kg−i+j ,
G−ia,+jb = −Kabg−i+j ,
g−i+j = e
−KG−i+,+j− .
(9.28)
(2) SKG in inertial frame
The above SKG relations can be rewritten in the inertial frame {w+, w−}. The corre-
sponding relations can be obtained by using vielbeins eca, e
ck
ai and e
a
c and e
ai
ck. The 3-forms
Ωc and Ωaib in the inertial frame as follows
Ωa = e
c
aΩc , Ωa = e
c
aΩc ,
Ωai = e
ck
aiΩck , Ωai = e
ck
aiΩck ,
(9.29)
where eca = e
c
a (w
±, z±) and eckai = e
ck
ai (w
±, z±). Substituting these identities back into
eqs(??), we obtain ∫
CY 3
Ωa ∧ Ωb = −iεab ,∫
CY 3
Ω−ka ∧ Ω+lb = −iεabδkl ,
(9.30)
where
εab = e
c
ae
d
aKcd = e
−Kecae
d
aεcd ,
Kcd = e
a
ce
b
dεab ,
(9.31)
and
δkl = e
−i
−ke
+j
+l g−i+j , g−i+j = e
−k
−i e
+l
+jδkl . (9.32)
From the above relations, we learn, amongst others, that the vielbeins eca and e
a
c are
given by
eca = e
K
2 δca , e
a
c = e
−K
2 δac , (9.33)
and carry half of the Kahler charge. In the inertial frame {w}, the Kahler potential is
K (w±) ∼∑
i
w+kw−
k
. (9.34)
The the metric gij reduces to the constant gij ∼ δki δjk and the gauge potentials Ci and
Ci respectively to w
+
i and w
−
i .
The D = 4 N = 2 covariantly holomorphic central charge function Za is defined as
Za = eacZ
c, (9.35)
where Zc ≡W c is equal to the usual relation εab
(
pΛFΛb − qΛXΛb
)
.
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